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Abstract 



This is the second of a series of papers which are devoted to a comprehensive theory 
of maps between orbifolds. In this paper, we develop a basic machinery for studying 
homotopy classes of such maps. It contains two parts: (1) the construction of a set of 
algebraic invariants - the homotopy groups, and (2) an analog of CW-complex theory. As 
a corollary of this machinery, the classical Whitehead theorem which asserts that a weak 
homotopy equivalence is a homotopy equivalence is extended to the orbifold category. 

1. Introduction 

In [3] we introduced a notion of maps between orbifolds, and established several basic 
results concerning the topological structure of the corresponding mapping spaces. This was 
in an attempt to initiate a comprehensive study of orbifolds, which was motivated by work of 
Dixon, Harvey, Vafa and Witten [9] on string theories of orbifolds. Particularly, the aforemen- 
tioned theorems about the topological structure of mapping spaces had direct applications 
in the theory of pseudoholomorphic curves and Gromov- Witten invariants of symplectic orb- 
ifolds (cf. [7, 8, 4, 5, 6]). See the introduction of [3] for more detailed explanations on this 
aspect of the story. 

The present paper is continuation of [3]. The main objective of this paper is to establish 
the corresponding homotopy theory for studying such maps between orbifolds. In particular, 
we have developed techniques of exhibiting a class of orbispaces (which include orbifolds) 
as results of gluing together some fundamental building blocks, ie. cells of various isotropy 
types. The corresponding algebraic invariants needed for describing such constructions are 
the sets of homotopy classes of the gluing maps. Thus as homotopy groups in this theory, we 
have studied in details the sets of homotopy classes of maps from spheres of various isotropy 
types into an orbispace. We remark that these homotopy groups form a strictly larger set 
of invariants than the usual homotopy groups of an orbifold (which by definition are the 
homotopy groups of the corresponding classifying spaces, cf. [11]). See Proposition 1.4 for 
more details in this regard. 

In this paper, we shall mainly work with a more restricted class of maps rather than 
the general ones introduced in [3]. The details are presented in the following assumption 
throughout. We refer the reader to §2.2 of [3] for the basic definitions. 

Convention In this paper, we shall only consider maps of orbispaces which are equivalence 
classes of groupoid homomorphisms ({f a }, {P/3a}) '■ F{U a } — > T{U^,}, where each p a = p aa : 
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Gjj a — > Gjj' a is an injective homomorphism. As a result of this assumption, the mappings 
{p/3a} are partially injective in the sense that if pp a (£i) — P^ate) and Domain (0^) fl 
Domain (<f>^ 2 ) ^ 0, then ^ = £ 2 - 

In studying homotopy classes of maps and homotopy types of orbispaces, we need to fix a 
base point in the orbispaces throughout the consideration, in which all maps have to preserve 
the pre-chosen base point structures. We shall give an introduction to this notion next, before 
we come to the detailed description of the homotopy classes of maps and homotopy types of 
orbispaces that are to be considered in this paper. 

Let X be an orbispace, with its atlas of local charts denoted by U = {U{\. A base-point 
structure of X is a triple, denoted by o = (o, U , 6), where o G X , U &U such that o G U a , 
and 6 G tt^(o) C U q . An orbispace X with a chosen base-point structure o will be denoted 
by (X,o). We remark that for the special case where X = Y/G, with the action of G on 
Y being trivial, we have X = Y and furthermore, a base-point structure o = (o, U a , o) is 
completely determined by the base point o. We shall fix the notation Y(G) for such an 
X = Y/G, and write (Y(G),o) for (X,o). The orbispace Y{G) will be called a space of 
isotropy type G throughout. The most frequently used examples of this type of orbispaces 
are S k (G),D k (G), ie. the k-sphere and k-cell of isotropy type G. Note that for the 1-cell 
and 0-cell of isotropy type G, we shall use different notations 1(G), B G respectively. 

With these notations being fixed throughout the paper, we now consider the maps from 
(X, o) to (X', d_), where o = (o, U a , o) and d_ = (d , U' , o'), which preserve the corresponding 
base-point structures. Let p : G Q — > G~, be any given injective homomorphism, where Go, 
G~, are the subgroups of G\j o , G\j< o that fix 6 and d respectively, and let a = ({f a }, {P/3a}) '■ 
F{U a } — * r{U' a ,} be any groupoid homomorphism which satisfies the following conditions: 
(1) U G {U a }, U' Q G {U' a ,}, and U h-> U' q under the correspondence U a h-> U' a , (2) f :U —> 
U' Q satisfies / O (o) = d , and (3) p \c b — P ■ Suppose r = ({/ a }, {pba}) is induced by o via 
7 = (9, {£ a }, {Ca\) ( c f- Lemma 2.2.4 in [3]), where Condition (1) above is satisfied for r, and 
7 satisfies 9(d) = o, („ = 1 6 T(U ,U ) = G Uo , and = 1 G T(U' ,U' ) = G v >, then one 
can easily verify that Conditions (2), (3) above are also satisfied for r. In other words, the 
base-point structures o and d_ are preserved under the process of taking equivalence classes 
in the sense described above. We will call such an equivalence class a map from (X,o) to 
(X',d_), and we denote the set of all such maps by [(X,o); (X',d_)] p . 

Some variant or generalization of the preceding will also be considered. For example, 
suppose (X,o) and (X',d_) are orbispaces with pre-chosen base-point structures, where in 
the base-point structure o = (o,U ,d), the group Gjj a acts trivially on U a . In this case, we 
shall define maps from (X, d) to (X',d_) by further allowing, in the definition of equivalence 
relation, that U Q may be replaced by a V Q C U Q where o G V Q , for which the requirements 
(„ = lG Gjj q = Gy a and £' a — 1 G Gu' in (9, {£a}, {C' a }) still make sense. Correspondingly, 
this means that the base-point structure o = (o, U , 6) is reduced to the ordinary base point 
o. We shall simply write o for o. An important case for such an (X,o) is (Y(G),o). 

On the other hand, given any X and X' , we may fix a set of base-point structures {o^} 
of X and a set of base-point structures {d_ k } of X' , together with a correspondence o, i— > 
iZfc = QLeu)- In the same vein, we may define maps between these "multi-based" orbispaces, 
requiring that the given sets of base-point structures are preserved under these maps with 
respect to the given correspondence o { i— > d_ k = d_g^y 



ON A NOTION OF MAPS BETWEEN ORBIFOLDS 



II. HOMOTOPY AND CW-COMPLEX 3 



Now we give some detailed descriptions about the homotopy classes of maps and homotopy 
types of orbispaces that will be considered in this paper. 

Two maps $i,$2 : X — > X' are said to be homotopic (and written $! ~ $ 2 ) if there 
exists a map ^ : X x [a, b] — > X' such that $1, $2 are the restrictions of \l/ to the subspaces 
X x {a} and X x {b} respectively. The map ^ is called a homotopy between $! and $ 2 . 
Let *i : X x [a, 6] — > X' be a homotopy between $1 and $ 2 , and * 2 : X x [6, c] — > X' be a 
homotopy between <3> 2 and $3. Then there is a homotopy ^3 : Xx [a, c] — > X' between $1 and 
$3, whose restrictions to X x [a, b] and X x [6, c] are ^1 and \I/2 respectively. A homomorphism 
representing \&3 may be obtained as follows. Take a representing homomorphism o\ of $1, 
and a representing homomorphism <r 2 of $ 2 . We may assume, by passing to an induced one, 
that near X x {b}, a 1 is given by ({F itl }, {p^i}) : T{f/j x (&L, 6]} — ► r{C/ t ' } and cr 2 is given by 
({^,2}, {pji?}) ■ ?{Ui x [b, b\)} -> r{C/^,} such that for each index i, i^il^.^ = ^Ift x{6} , 
and for each pair of indexes Pji,i = Pji,2- (Note that T(Ui x (&!_,&], Uj x (61,6]) = 

T(Ui, Uj) = T(Ui x [b, b\), Uj x [b, &+)).) It is clear that such a pair (a±, a 2 ) of homomorphisms 
can be patched together to form a homomorphism whose equivalence class is a map from 
Xx [a, c] to X'. We define ^3 to be the corresponding map. Note that although the homotopy 
\1>3 may not be uniquely determined, its existence implies that the homotopy relation is an 
equivalence relation on the set of maps [X;X']. The corresponding set of homotopy classes 
will be denoted by [[X;X']]. 

Let $ : Y — > X be any map. There are induced mappings $* : [[X; X']] — > [[Y; X'}} 
sending [*] to o $], and : [[X'; F]] -> [[X';X]] sending [*] to [$ o The mappings 
$*, depend only on the homotopy class of $. A map $ : K — > X is called a homotopy 
equivalence if there is a map ^ : X — > Y such that $ o ^ ~ 7d x and $0$ ~ Idy. It is 
routine to check that $ : Y — > X is a homotopy equivalence if and only if both mappings 
$*, are bijections for any orbispace X'. 

Homotopy preserving given base-point structures can be defined in the same vein. Let 
o = (o,U ,o), d = (o',U' ,d') be any base-point structures on X and X' respectively. 
Two maps $i,$ 2 G [(X, o); (X', d)] p are said to be homotopic (and written $1 ~ $ 2 ) if 
there exists a homomorphism er = ({Fi}, {f>ji}) : r{C/j x 7j} — > rjf///}, where each Jj is a 
sub-interval of [a, 6], such that (1) C/ c x [a, 6] G {C/j x 7^}, which corresponds to under 
C/j x Jj h-> C/ ? ', (2) -F D ({o} x [a, 6]) = 6', (3) p |g 6 = P, and (4) <!>!, <Lj 2 are the equivalence 
classes of the restriction of a to X x {a} and X x {6} respectively. The set of homotopy 
classes of elements in [(X, o); (X',o')] p will be denoted by [[(X, o); (X',o')]] p . Given any $ G 
[(y,p); (X,o)] p , there are induced mappings $* : [[(X, o); (X', o')]]r, -> [[(F,p); (X', o')]] w 
and$* : [[(X',o'); - [[(X',d); (X,o)]] p07? , defined by $*([*]) = [M] and $,([*]) = 

[$ o \|>], which depend only on the homotopy class of $. 

Homotopy classes of maps between pairs of orbispaces (X, A) will also be considered, where 
A is a subspace of X. If o = (o, U a , 0) is a base-point structure of X such that o & A, then 
there is a canonical base-point structure of A, denoted by o\a = (o,V ,6), where V Q is the 
connected component of U (lA that contains o. We will denote a pair with such a base-point 
structure by (X,A,o). A map from (X, A) to (X', A') is an element $ G [X;X'] such that 
G [A; A'], and a map from (X, A,d) to (X', A',d_) is an element $ G [(X, o); (X', d_)] p for 
some p : G 6 — > Gj,, such that G [(A,o|a); o%')]p- The set of homotopy classes of 
the latter will be denoted by [[(X,A,o); (X',A',d)]] p . Given any $ G [(F, (X, A,o)] p , 
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there are induced mappings $* : [[(X,A,o);(X',A',^)]] r) -> [[(Y, B,p); (X 1 , A', cPj\] nop and 
: [[(X',A',oO;(y,S,£)]]„ - [[(X',A',o:);(X,Ao)]U defined by $*([*]) = [W o $], 
= [$ o vp]. Again the mappings $*, depend only on the homotopy class of $. 

With the preceding preparatory discussion, we now present the main results in this paper. 

Definition 1.1 For any base-point structure o = (o,U ,d) and injective homomorphism 
p : G — > Go, we define 

nf' p) (X,o) = [[(S k (G),*); (X,o)]] p , VA; > 0, 

and 

nfj\x,A,o) = [[(D k+1 (G), S k (G), *); VA; > 0. 

For i/ie special case when G = {1}, we simply write n k (X,o) and 7Ck(X, A, o) instead. 

Regarding the structure of these homotopy sets, we have 

Theorem 1.2 

(1) Algebraic structures: 7T k G ' p \x,o), 7r^ p \x, A,o) are canonically identified with the 
7r fc _! of [(S 1 (G), *); (X,o)] p and the n k of [(/(G), S°(G), *); (X,A,o)] p respectively, 
hence have natural group structures for k > 1 which are Abelian when k > 2. 

(2) Functoriality: For any $ G [(X, o); (X', o% (resp. $ G [(X, A, o); (X', A', o%), 
t/iere are natural homomorphisms : 7r^ G '^ (X, o) — > 7rJ? Gp ^(X', (/) (resp. : 
Tr k G ' p \x,A,o) — > 7r[ Gp \x', A', (/)) win p' = i]o p, which depend only on the homo- 
topy class o/<&. For any (H,rf) where rj : if — > G is an injective homomorphism 
which factors through p : G ^ G Q by i : H ^ G, there are natural homomorphisms 
t* : Trf * P) 2) - Trf (X, o) and f : Trjgf ) (X, A,o) — > Trgf (X, A, o) . 

(3) Exact sequence: There exist natural homomorphisms 

8 : Trgftx, A,o) - Trf ' p) (A,o| A ), VA; > 
and a Zona exarf sequence 

• • • - Trjgf J (X, A, o) ^ Trf ' P) oU) h Trf ' P) fi) - 4 G ' P) A, o) 4 • • • 
h 4 G ' p) (X,A,o) 4 4 G ' p \A,o\ A ) ^ 4 G ' p) (X,o). 

There are natural homomorphisms 

C : nf' p \x,o) -> Aut(vrf Ip) (X,o)), VA; > 1 

and 

C' : tt{ G ' p \A,o\ a ) - Aut(4 Gp) (X, A,o)), VA; > 1 

which satisfy C(z) od = do C'(z), Vz G ttJ G ' p) (A, o\ a ). 

Regarding the dependence of n^ k G ' p \x,o) and 7r^! P \x,A,o) on the base-point structure 
o and the data (G, p), we have 

Proposition 1.3 



ON A NOTION OF MAPS BETWEEN ORBIFOLDS 



II. HOMOTOPY AND CW-COMPLEX 5 



(1) Given any path u G [(1(G), 0, 1); (X, Oj_, 02)]^), there is an isomorphism, written u* : 
71^'^ (X, 02) — > 7r^ G '^ (X, 01 ) ? whose inverse w" 1 is the isomorphism associated to the 
inverse path u(u) G [(/(G), 0, 1); (X, 02,01)] ( n ,p)- In fact, for any two paths U\,U2 G 
[(/(G), 0, 1); (X, 01,02)]^ v(u 2 \ o ( Ul ), = C(\v(u 2 )#u x \) G Aut(nf> v) (X, 02)). 

(2) Given any path u G [(/(G), 0, 1); (A, OjJa, °j2.U)](p,r?); there is an associated map- 
ping : 7r^i\x, A, 02) — > 7r£'^(X, A, Oi) ; which is an isomorphism for k > 1 
and a frase pomi preserving bijection when k = 0. Moreover, for any Ui,u 2 G 
[(/(G), 0, 1); (AoiU,02U)](p,„), z/(« 2 )*°M* = C'(K«2)#«i]) G ^(vrg'^X, A02)). 

(3) /Tie isomorphism class ofn^' p \x,o) or tTj^ p \x , A, o) depends only on the conjugacy 
class of the subgroup p(G) C G5. 

Regarding the nature of 7r^ G '^(X, o) and 7r^'^(X, A,o) in certain special cases, we have 
Proposition 1.4 

(1) Tik(X, o), 7Tfc + i(X, A, o) are naturally isomorphic to 7ik(BTx,*) and Tik+i(BY x , BY a, *) , 
where BY x, BY a are the classifying spaces of the defining groupoid for X and A re- 
spectively, cf. Haefliger [10, 11]. 

(2) When X = Y/G is a global quotient, for any subgroup p : H C G, there are natural 
isomorphisms nlf' p \X,o) = iTk(Y H ,d) for all k > 2, and the natural exact sequence 

1 -> ^(Y H ,d) -> 7r[ H ' p \x,o) -> G(//) - 7t (Y",o) - Trf ' p) (X,o), 
where Y H is the fixed-point set of H and C(H) is the centralizer of H . 

We remark that the homotopy groups {^(Y , 6)} of the various fixed-point sets appeared 
in the coefficient systems for the equivariant obstruction theory in Bredon [1]. In fact, 
the basic homotopy machinery developed in this paper laid the necessary foundation for 
extending the equivariant obstruction theory in Bredon [1] to the orbispace category. 

This paper also contains a detailed, elementary treatment of the covering theory for orbis- 
paces. Although the theory of coverings for etale topological groupoids is well-understood 
in principle (cf. [2], [12]), there is a number of results which will be used in the later 
constructions in this paper that are in a specific form and can not be found in the literature. 

This roughly constitutes the first half of the paper, which is concerned with the basic 
properties of the algebraic invariants — the homotopy groups — for this homotopy theory. 
In the remaining second half, we develop an analog of the CW-complex theory for the 
orbispace category. 

A fundamental construction in this part is given in the following 

Proposition 1.5 Let Y be a locally path- connected and semi-locally 1-connected orbispace 
(cf. §2.4). For any map $ : Y — > X, there is a canonical orbispace structure on the mapping 
cylinder M^, where : Y — > X is the induced map between underlying spaces, such that 
(1) there are natural embeddings i : Y — > M^, j : X — > M^, realizing the orbispaces Y , X 
as a subspace of M^, and (2) j : X — > is a strong deformation retract by a canonical 
retraction r : — > X which satisfies $ = ro j. 
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The above 'mapping cylinder' construction is then applied to the special case where Y = 
S k ^ 1 (G). Under further conditions on both the map <£> and the orbispace X, we can collapse 
the subspace S k ~ 1 (G) in the mapping cylinder to a point. This procedure gives rise to a 
canonical orbispace structure on the mapping cone of the induced map <fi : S h ~ 1 — > X, which 
is what we will refer to as 'attaching a k-cell of isotropy type G to X via 

For any n > 0, denote by C n the set of orbispaces X, where there is a canonical filtration 
of subspaces 

X C X 1 C • • • C X n = X 

such that X is a finite subset and for each 1 < k < n, Xj, is resulted from attaching finitely 
many k-cells of various isotropy types to Xk-\. We let C be the union of C n for all n > 0. 

It turns out that this sub-category of orbispaces C is the right one for the main objective of 
this paper, ie., developing a machinery for studying homotopy classes of maps and homotopy 
types of orbispaces. In this regard, we have the following 

Theorem 1.6 

(1) Suppose $ : X — > X' is a weak homotopy equivalence and the mapping cylinder of $ 
is defined. Then for any Y G C, the mapping : [[Y; X]] —> [[Y; X']] is a bijection. 

(2) For any X, X' G C, a map $ : X — > X' is a homotopy equivalence if and only if it is 
a weak homotopy equivalence. 

Set tTq(X) = [[B G ;X]]. Then in the preceding theorem, a map $ : X — > X' is called 
a weak homotopy equivalence if <3>* : 7Tq(X) — > ttq(X') is a bijection for all G, and : 
7r^ G '^ (X, o) — > 7T^, G '' P ^(X', o^) is isomorphic for > for all possible data Q,g!_,(G,p) and 
{G ■(>')■ 

Although the sub-category C is favorable for the purpose of homotopy theory, it is not 
clear a priori that C will contain any geometrically interesting examples, such as compact 
smooth orbifolds. Next we describe a construction which will justify the sub-category C in 
this regard. 

Let K be a finite CW-complex such that for any attaching map, if its image meets the 
interior of a cell, then it contains the whole cell. An arrow of K is an ordered pair (<7i,<72) 
of cells in K where a 2 is a face of a\. We denote arrows by lower case letters a, b, c, etc. Let 
a = (<7i, a 2 ) be an arrow. Then o\ is called the initial point of a, denoted by i(a), and a 2 is 
called the terminal point of a, denoted by t(a). Two arrows a, b are composable if t(b) = i(a), 
and in this case, the composition of a, b, denoted by ab, is the arrow c uniquely determined 
by the conditions i(c) = i(b), t(c) = t(a). Composition of arrows is clearly associative. 

With the preceding understood, a CW-complex of groups on K, denoted by (K, G a ,ip a , g a ,b), 
is given by the following set of data: 

(1) Each cell a in K is associated with a group G a . 

(2) Each arrow a of K is assigned with an injective homomorphism ip a : G^ a ) — > G t / a y 

(3) Each pair of composable arrows a, b is assigned with an element g a ^ G G t ( a ), such 
that 



Ad(ga,b) O 4>ab = ° 
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Moreover, the following cocycle condition holds for any triple a, b, c of composable 
arrows 

^Pa(gb,c)ga,bc = g a ,bgab, c - 

Two CW-complexes of groups (K,G a ,ip a , g a ,b), (K, G a , ip' a , g' ab ) are said to be equivalent 
if there is a set {g a G G t ( a )} such that 

^'a = Ad{g a ) o ip a , g' a b = g a ip a {g b )g a , b g~b ■ 

Finally, let K n C K, n > 0, be the n-skeleton of K. Then any CW-complex of groups on 
K naturally induces one on K n by restriction. 

We remark that the notion 'CW-complex of groups' is a natural extension of the notion 
'complex of groups' in Haefliger [12]. Moreover, the following result generalizes the one to 
one correspondence between equivalence classes of complexes of groups and isomorphism 
classes of orbihedra therein. 

Proposition 1.7 Let K be a finite CW-complex and X be its underlying space. To 
each equivalence class of CW-complexes of groups on K , there is associated an orbispace 
structure on X , called the geometric realization 1 , which gives a one to one correspondence, 
such that the orbispace X e C. Moreover, the geometric realizations of the restrictions of 
the CW-complex of groups to the n-skeletons of K provide the natural canonical filtration of 
subspaces for the geometric realization of the CW-complex of groups itself. 

Finally, recall the following fact about compact smooth orbifolds, cf. e.g. [13, 16]: 

A compact smooth orbifold may be triangulated so that it becomes the geometric realization 
of a natural simplicial complex of groups on the resulting simplicial complex. 

As a corollary, the classical Whitehead theorem is extended to the orbifold category. 

Corollary A map between compact smooth orbifolds is a homotopy equivalence if and only 
if it is a weak homotopy equivalence. 

The following is a glimpse at the organization of this paper. 

§2.1 Space of guided loops. 

§2.2 Generalities of homotopy groups. 

§2.3 Exact sequence of a pair. 

§2.4 The theory of coverings. 

§3.1 Construction of mapping cylinders. 

§3.2 Orbispaces via attaching cells of isotropy. 

§3.3 CW-complex of groups and its geometric realization. 
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there is a minor difference, although conceptual in nature, between the notions 'geometric realization' 
and 'orbihedron', see §3.3 for more detailed comments. 
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2. HOMOTOPY GROUPS VIA GUIDED LOOP SPACES 



2.1 Space of guided loops 

The homotopy sets defined in Definition 1.1 will be studied through the space of 'guided' 
paths or loops in the orbispace. This subsection is devoted to a preliminary study of these 
path or loop spaces. 

Recall that 1(G) denotes the 1-cell of isotropy type G, namely, the orbispace defined by the 
trivial action of G on the interval I = [0, 1]. Let X be an orbispace, given with a pair of base- 
point structures Oi = (oi, U Dl , di), 02 = (o 2 , U Q2 , 62), and injective homomorphisms p : G — > 
G^, 7] : G — > G ~ 2 . We consider the set of maps [(1(G), 0, 1); (X, 01,02)] from (1(G), 0, 1) 
to (X, 01,02), which by definition are equivalence classes of groupoid homomorphisms er = 
({/i}, {pji}) : r{ij} — ► r{C/j/}, where (1) {ij | i = 0, 1, • • • , n} is a cover of / by sub-intervals 
such that £ 4 1 G J n , ij H ij 7^ iff j = i or 2 + 1, (2) denote by Ui G {t/j'} the local 
chart assigned to Ii, then Uq = U Ql , U n = U 02 , (3) /o(0) = oi, /n(l) = 02, and (4) po = p and 
p n = rp Note that each mapping p(i+i)« : T(Ii, h+i) — > T(i7i, C/j+i) is completely determined 
by the image of 1 e G — T(Ii, I i+i ) in T(Ui, U i+ i), we shall conveniently regard p(i + \)i as an 
element of T(Ui, Ui + \). On the other hand, the homomorphisms pi = pa : G — > can be 
recovered inductively by p^+i = A P(i+1) . o p i with po = p (cf. (2.1.3) in [3] for the definition of 

A P( . +1) .). We observe that the image of /j : ij — > C/j for each index i is forced to lie in the fixed- 
point set of Pi(G) C Gjji- For this reason we call each element in [(1(G), 0, 1); (X, q\, 02)]^) 
a (G, p, -guided path in (X, 01,02), or simply a guided path. 

A canonical topology is given to [(1(G), 0,1); (X, 01,02)] ( p , v ) by the general construction 
in §3.2 of Part I of this series [3], as the orbispace 1(G) is trivially paracompact, locally 
compact and Hausdorff. For this purpose, we shall only consider the representatives a = 
({fi}, {Pji}) '■ r{/j} — > r{£/j/} which are admissible. In this case, it simply means that each 
fi : Ii — > Ui is extended over to the closure ij of Jj. We recall that 

(2.1.1) {pji} = {a\a = ({f^, { Pji }) is admissible, [a] E [(1(G), 0, 1); (X, 01, 02)] (,,„)}. 

By Lemma 3.1.2 in [3], each 0{ Pji } is embedded into [(/(G), 0, 1); (X, 01,02)] ( P , v ) via a 1— > [a]. 
We consider the subsets 

(2.1.2) O^dKj, {OJ) = {{/,} G {Pji} I /,(X M ) c O iiS , s G A(i)} 

where = {K itS [ s G A(i)} is a finite set of compact subsets of Ii, and Oj_ = {0.^ s [ s G A(i)} 
is a finite set of open subsets of Ui. The canonical topology on [(1(G), 0, 1); (X, oj_, Oj)]^) 
is the one generated by the subsets in (2.1.2) for all possible data {pji}, {Ki} and {Oi}. 
By Lemma 3.2.2 in [3], if {fi} G O^.j is equivalent to {fk} G 0{ Plk j, then there is a local 
homeomorphism from an open neighborhood of {fi} in 0{ Pji ] onto an open neighborhood 
of {fk} in 0{ Plk }, where 0{ Pji }, 0{ Plk } are given the topology generated by the subsets in 
(2.1.2). As a consequence, each 0{ Pji } is an open subset of [(1(G), 0,1); (X, 01,02)] ( PjV ) via 
the embedding a 1— > [a]. 

Now we shall present some standard constructions on the path spaces. First of all, given 
any (G, p, r^-guided path u, one obtains its inverse, denoted by v(u), by pre-composing u by 
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the map v : (1(G), 0, 1) — > (1(G), 1,0) sending t i — > 1 — t, Vt G / and g ^> g,\/g e G, which 
results in a (G, rj, p)-guided path. Secondly, one may compose a (G, p, ?y)-guided path u\ with 
a (G, r], £)-guided path w 2 to obtain a (G, p, £)-guided path Ui#u 2 , which is done as follows. 
Pick representatives o"i = ({/i,i}, {Pji}) '■ r{ij} — > r{L7j'} of Mi, where % — 0, 1, • • • ,n, and 
°2 = ({/fe,2}) {^/fc}) : r{^fe} - ► r{Vfc'} of u 2 , where k = 0,1, ■ ■ ■ ,m. Let a be the index 
running from to n + m. We define intervals H a by setting i/ a = I a for < a < n — 1, 
//« = Jo) and // a = J a - n for n+1 < a < n+m. We define local chart W a on X by setting 
W a — U a for < a < n — 1, W n — U 02 , and W a = V a - n for n + 1 < a < n + m. We define f a 
by setting f a = f a>1 for < a < n - 1, f n = f n>1 U / , 2 , and / a = / a _ n , 2 for n + 1 < a < n + m. 
We define C(a+i)a = P(a+i)a for < a < n - 1, £(„+i)„ = "io, f(a+i)a = for 
n + 1 < a < n + m — 1. Then after the reparametrization t i— > It, g i— > g, we obtain 
a homomorphism o"i#o" 2 = ({/ a }, {6>a}) : r{// a } — > r{W a /}, whose equivalence class is a 
(G, p, £)-guided path. We define Mi#m 2 to be the equivalence class of o"i#o" 2 , which is clearly 
well-defined. Finally, given any $ e [(X, oi, o^); (X', o^, o' 2 )](^ lfl2 ), one has the mapping 
$ # : [(/(G), 0, 1); (X, oi, o^)]^^) - [(7(G), 0, 1); (X', of cf)]^) defined by u » $ o u, 
where p\ — r)i o pj for i = 1,2, and given any injective homomorphism i : H — > G, one 
has the mapping t # : [(/(G), 0, 1); (X, Oi, o^)]^) -> [(1(H), 0, 1); (X, Oi, o^)]^,^) defined 
by pre-composing each guided path -u by the map (t, /i) i— > (t, i(h)),Vt £ I,h £ H. The 
following lemma is straightforward. 

Lemma 2.1.1 TTie mappings z/, and i # of path spaces are all continuous. 

Now we consider a special guided path space, the guided loop space [(S 1 (G),*); (X,o)] p . 
There is a natural base point in [(S l (G), *); (X,o)] p , i.e., the constant guided loop o defined 
by (t,g)» (6, p(g)),VteS 1 ,geG. 

Lemma 2.1.2 The based topological space ([(S 1 (G), *); (X, o)] p , 5) is an H-group with 
the homotopy associative multiplication # and the homotopy inverse v. Moreover, the maps 
<&#, are homomorphisms of H-group s. 

Proof We refer to [14] for the definition of //-group. Here we only sketch a proof that v is 
a homotopy inverse, namely, both maps # o (v, Id), # o (Id, u) : ([(S 1 (G), *); (X,o)] p , 6) — > 
([S' 1 (G), *); (X, o)] p , o) are homopotic to the constant map into the base point o. The homo- 
topy associativity of # can be proven in the same vein. The assertion on the maps and 
t* are trivial. We leave the details to the reader. 

First of all, we introduce some notations. For any s e [0, 1], we set 

Is = ([0, \(l ~ s)\ U [1(1 + s), !])/{!(! - s) ~ 1(1 + S )}. 



Let /3 S : / — > / s , which are homeomorphisms for s ^ 1, be defined by 
(2.1.3) (3 s (t) = 



(l-s)t 0<t<l 
(l-s)(t-l) + l \<t<\. 



For any homomorphism a = ({/»}, {Pji}), we denote by v(cr) the homomorphism obtained 
from a by performing the reparametrization t 1 — t,t & I. 
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We shall define a homotopy F : (\(S l (G), *); (X,o)] p ,5) x [0,1] -> ([(^(G), *); (X,o)] p ,5) 
between # o (Jrf, z/) and the constant map into o. The construction of a homotopy between 
the map # o (z/, /<f) and the constant map into o is completely parallel. 

Given any guided loop u which is represented by a homomorphism a, and any s G [0, 1], 
we define the guided loop F(u,s) as follows. Observe that for any s G [0, 1], the restriction 
of the homomorphism oj^v(a) to I s is a homomorphism. We reparametrize it by (3 S in 

(2.1.3) , and denote it by aj^ s v(a). If a is replaced by an equivalent homomorphism, then 
aj^ s v(o) will be changed to an equivalent one accordingly. Hence the (G, p)-guided loop 
defined by a# s v(a) depends only on u and s. We define F(u,s) = [a^ s v(a)]. Clearly, 
F(u,0) = #o{Id,v){u) and F(u,l) = o for all u G [(S 1 (G), *); (X,o)] p . 

It remains to verify that for any given u G [(S 1 (G), *); (X,o)] p , s G [0, 1], F is continuous 
at (u , So). We shall only give the details for the case when s ^ 1, the remaining case Sq — 1 
is easier and we leave it to the reader. Without loss of generality, we may assume that Uq is 
represented by a homomorphism a = ({/i,o}, {Pji}) '■ r{ij} — > r{/7j/}, where i = 0, 1, • - • , n, 
such that there exist an i and a closed interval [s_, s+] containing so and satisfying s+ ^ 1, 
1 - s G [1 - s+, 1 - s_] C J io \ Uj^io/i. Then for any a = {/J G and s G [s_, s+], we 

have <t# s is(<j) given by ({/*.,«}, {&.}) : r{ J M } -> r{V fc /}, where fc = 0, 1, • • • , 2i , and 

f {P7\¥)\t £ h}, 0<k<t -l 

(2.1.4) J M = { {/^(i^te J io ,f <l-s, or2-t<l-s,2-tel io }, k = i 

( {P;\\t)\2 - t G I 2i0 - k }, to + l<k< 2t , 

(2.1.5) V k = U k , < k < i , V k = U 2io - k , to + l<k< 2i , 



fk(Ws(t)), o<k<i -i 

j f k (2p a (t)), 2ft(t) < 1 - 
\ / fc (2-2ft(f)), 2-2(3 s (t 
f k (2-2(3 s (t)), i + l < k < 2i 



/ fc (2-2^)),2-2^)<l- S ,2-2^)Gl !0 



and 

(2.1.7) fk(k-i) = Pfc(fc-i), 1 < k < i , Cfc(fe-i) = P(2i -fc+i)(2i -fc)' *o + 1 < k < 2i . 
Let |s + — s_| <C so that 

(2.1.8) J fejS _ n J fc+ i, s+ ^ 0, < fc < i - 1, J M+ n J fe+ i, s _ ^ 0, i < fc < 2i . 

We set H k = J kyS _ H Jfe )S+ for < < 2i . Then it is easy to see that {H k } is a cover of / 
by sub-intervals such that Hi D H k ^ iff I — k or A; + 1, and if^ C Jfe jS for any < k < 2i Q 
and s G [s_,s+]. We define # M = f k , s \ Hk for all < k < 2i . Then a s = ({g k , s }, {&*}) : 
— > r{T4/}, where /c = 0, 1, • • • , 2i , is equivalent to a# s v(a). Observe that in the 
neighborhood 0{ Pji } x [s_, s+] of (-u , so), the map F is given by (a, s) i— > o" s G C{^ fe }, which is 
clearly continuous with respect to the topology of 0{ P i y and 0^ lk y. Hence F is continuous. 

□ 

We end by introducing the guided relative loop space [(1(G), S°(G), 0); (X, A,o)] p for any 
pair (X,A,o) and injective homomorphism p : G — > G^. Here S* = {0, 1}. Recall that an 
element of [(1(G), S°(G), 0); (X, A,o)] p is a map (a guided path) u G [(/(G), 0); (X,o)] p such 
that the restriction of u to the subspace (S°(G),0) is an element of [(S°(G), 0); (A,o|a)] p - 



ON A NOTION OF MAPS BETWEEN ORBIFOLDS 



II. HOMOTOPY AND CW-COMPLEX 11 



A canonical topology can be given to [(1(G), S°(G), 0); (X, A,o)] p along the general lines 
of §3.2 in Part I of this series [3]. For this purpose, we need to digress on the subspace 
structure of A in some details. Let U = {Ui} be the atlas of local charts on X and T be 
the defining groupoid for X with space of units Ui Ui. Denote by {V^} the set of connected 
components of all A n Ui, Ui G U, and by V a some fixed component of the inverse image 
of V a in Ui if V a is a component of A n Ui. Then the orbispace structure on A is given by 
the restriction of V to \J a 111 terms of local charts, each V a is acted upon by a group 
Gy a , which is the subgroup of Gjj i that fixes the subset V a , with a map n Va = nui\y~ which 

induces V a /Gv a = V a . Moreover, there are natural mappings pp a : T(V a ,Vp) — > T(Ui,Uj), 
where V a , Vp are components of A D Ui, A n Uj, such that p a = p aa : Gy a C Gu v 

An element u G [(1(G), S°(G), 0); (X, A, o)] p is the equivalence class of a = ({fi}, : 
r{/j} — > r{C/j/}, where (1) {ij | i = 0, 1, • • • , n} is a cover of / by sub-intervals such that 
G Io, 1 G /„, /jfl/j 7^ iff j = i or i + (2) denote by U G {U^} the local chart assigned to 
Ii, then C/o = U Q , and there is a V a which is a component of AnU n , (3) /o(0) = 6, / n (l) G V Q , 
and (4) £ = P and £ n (G) C p Q (GyJ. Note that each mapping : T(Ii,I i+1 ) -> 

T(Ui,Ui + i) is completely determined by the image of 1 G G = T(Ii,I i+ i) in T(Ui,Ui+\), 
we shall conveniently regard as an element of T(Ui,Ui + i). On the other hand, the 

homomorphisms £j = : G — > G^ can be recovered inductively by = A^,. +1) . o ^ with 

£o = P- We observe that the image of fi : /j — > C/j for each index i is forced to lie in the 
fixed-point set of £«(G) C G{/ r Finally, the restriction of u to the subspace (S°(G), 0) is the 
map into (A,o\ A ) defined by (0,g) i-> (6,p(<0), (1,#) i-> (/ n (l), P^ 1 ° V# G G. 

We introduce 

(2.1.9) O m} , Va) = {a\a = ({/*},{&}) is admissible, / n (l) G t«n(G) C p a (G y J}. 

By Lemma 3.1.2 in [3], C({^i},v a ) can be regarded as a subset of [(/(G), S°(G), 0); (X, A, o)] p 
via er i— > [cr]. We give each 0({^i},y a ) a topology which is generated by 

(2.1.10) ({&i },va)({^>, = {{/J e O mhVa) | c O m , V S g A(i)} 

where .fQ = {K i:S \s G A(i)} is any finite set of compact subsets of Ii, and = {Oi,s | 
s G A(i)} is any finite set of open subsets of C/j. Again by Lemma 3.2.2 in [3], for any 
{fi} G 0({£ jt }y a ) and G C({£ (t .},i/a) which are equivalent, there is a local homeomorphism 
(f) from an open neighborhood of {/$} in C({g J - i },v r C( ) onto an open neighborhood of in 
^(tefc}.^)- We give a topology to [(1(G), S°(G),0); (X, A, o)] p which is generated by the 
subsets in (2.1.10) for all possible data {£nj, V a , {Kj} and {Oj\. However, because of the 
existence of the said local homeomorphisms {0}, each O^^y v a ) is in fact an open subset of 
[(I(G),S°(G),0);(X,A,o)] p . 

There is a special element o G [(1(G), S°(G), 0); (X,A,o)] p which is the equivalence class 
of the constant guided relative loop, represented by any {fi} G 0({£ji},v a ) where each fi : 
h — ► Ui — U has the point 6 as its image, each = 1 G G Uo = T(Ui, Uj), and V a = V a . 

We shall fix 5 as the base point of the guided relative loop space. 

We may compose a guided path with a guide relative loop. More precisely, Let U\ G 
[(/(G),0,l);(X,oi,O2)] (/v?) be a guided path, and u 2 G [(/(G), S°(G), 0); (X, A,02)] v be a 
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guided relative loop. Then the composition Ui#u 2 is well-defined, which is an element in 
the guided relative loop space [(1(G), S°(G), 0); (X,A,o£)] p . 

The mappings $ # : [(1(G), S°(G), 0); (X, A, o)] p - [(7(G), S-°(G), 0); (X' , A', <f)] vop and 
6 # : [(1(G), S°(G),0); (X, A,o)] p -> [(/(if), S°(H), 0); (X, A, o)] pot are defined for any $ G 
[(X, A, o); (X', A', <f)] v and injective homomorphism i : H — > G. The following lemma is 
straightforward. 

Lemma 2.1.3 Tne mappings #, and t# are a// continuous. 

2.2 Generalities of homotopy groups 
We first derive two preliminary lemmas. 

Let (K, xq) be a compact, locally connected topological space with base point xq G X. 
The suspension of (X, xo) is the based space (SK, *), where 

(2.2.1) SK=(Ix K)/({0, 1} x X) U (/ x {x }), 

with the base point * G 5X being the image of ({0, 1} x K) U (/ x {x }). The cone of (K, xo) 
is the based space (CK, *), where 

(2.2.2) CK = (I x K)/({0} x X) U (/ x {x }), 

with the base point * G CK being the image of ({0} x K) U (I x {xo}). The based space 
(K, xo) is canonically a subspace of (CK, *) via the embedding x i— > [1, x] where [1, x] denotes 
the image of (1, x) G 7 x K in CX. 

Lemma 2.2.1 

(1) The set of continuous maps from (X, x ) into ([(S 1 (G), *); (X, o)] p , o) is naturally 
identified with the set [(SK(G), *); (X, o)] p . 

(2) The set of continuous maps from (X, x ) into ([(1(G), S°(G), 0); (X, A, o)] p , 5) is nat- 
urally identified with the set [(CK(G), K(G),*); (X,A,o)] p . 

Proof (1) Given any continuous map u : (X, x ) — > ([(S 1 (G), *); (X,o)] p ,o), we construct 
an element $ u G [(SX(G), *); (X, o)] p as follows. Since u(K) C [(5 ,1 (G), *); (X, o)] p is a 
compact subset, there are finitely many open subsets 

(2.2.3) {O a \O a = {pj . a} ,ae A, #A < +00} 

such that w(X) C U ae AO a . Furthermore, we may require that (a) -u(x ) = o is contained in 
O ao where U itOl0 = U Q , p jijCeo = 1 G G Uo for all i, j, and (b) {7^} = {/;} is independent of a. 
The latter can be always achieved because $X < +00. 

We take a cover {O a |a G A} of X, where each O a is a connected open subset, together 
with 9 : a 1— > a such that -a(O a ) C Oe( a )- Then for each a G A, there is a set of data 

(2-2.4) ({Ii},{Ui,e(a)},{fi, a }dPji,e(a)}), 

where each f i a : Jj x O a — > C/i,e(o) is continuous such that for any x G O a , the restriction of 

(2.2.4) to x is a homomorphism {/j ja (-,x)} G 00(a) representing «(x) G [(S' 1 (G),*); (X,o)] p . 
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Let {O abjS | s G I a b} be the set of connected components of O a nO b , a,b G A. For any x G 
O ab , s , since both ({/*}, {U ij6(a) }, {fi, a (-,x)}, {pji,e(a)}) and ({/;}, {U im }, {fi, b (-,x)}, {Pji,e{b)}) 
represent u(x) G [(S 1 (G), *); (X,o)] p , we may apply Lemma 2.2.4 and then Lemma 3.1.2 of 
[3] to conclude that there exists a set of elements d a,s (x) G T(U i: e( a ), Ui^(b)) such that 

^ 2 2 ^ fi,b(;x) = <P^a, S{x) o / ija (., x), Vi, 

Pji,9(6) = f^'V) ° Pji,e(a) o fj° ,s (a0 -1 (a)» Vi, j, 

where a G A(^' s (x) -:L , Pji t $( a ), £?j a,s ( x )) is the element containing /^(/jflij x {rc}). Moreover, 
the elements ^ a ' s (x) G T{U fi{a)i Uo,o(b)) have to satisfy £$°' s (x) — 1 e Cc/ (note that f/ 0jQ , = 
U for all ct G A). Now the second equation in (2.2.5) implies inductively that each £j 6a ' s (x) 
is constant in x, depending only on the connected component O abyS that contains x. We 
denote the constant value by ^ ba ' s . It also follows from the second equation in (2.2.5) that if 
a connected component b of O abtS fl Ob c ,t is contained in O ac>r , then 

(2.2.6) a b ' t °£ a ' s (h a m = a a ' r - 

It is easily seen that r(9, {O a }, {O a }) = ({/*,„}, {Pji,e(b) ° ti°" s }), where p ji)0(6) o £ a ' s is the 
element of T{UiM a ), ^0,0(6)) determined by the component containing fi, a (Ij nlj x O a &,s)> is a 
groupoid homomorphism from r{Jj x O a } to r{C/j/ a }, whose equivalence class is an element 
of [(S-ft^G), *); (X,o)] p . We define to be the equivalence class of t(9, {O a }, {C a }). 

It remains to verify that $ M is well-defined. For this purpose, let r(9, {O a }, {O a }) and 
t(9', {O a >}, {O a /}) be any two such homomorphisms. We shall construct a common induced 
homomorphism of them as follows. For any x G K, we pick an a and an a' such that u(x) 
is contained in O a fl 0<y. Then by Lemma 3.2.2 in [3], there is an open subset O x of some 
0{ Plkx }, together with open embeddings (fi a : O x — > a , 0<y : O x — > (9 Q /, such that 
is contained in O x and each k G is a common induced homomorphism of a («) G O a 
and (f) a '{ K ) ^ Co'- Since is compact in [(S 1 (G), *); (X, o)] p , we can cover it by finitely 

many such open subsets O r = Xr ,r = 1, 2, • • • , N. Note that there are mappings i : r \— > a, 
j' : r h a' such that O r is mapped into C\( r ), CV( r ) under the open embeddings 0,( r ), </v( r ) 
respectively. On the other hand, we take a cover {O s } of K by connected open subsets, 
together with mappings j : s i— > a, / : s i— > a' such that O s C Oj( s ) fl Oy( s ), and with a 
mapping # : s i— > r satisfying «(O s ) C CWs) and i o 9 — 9 o j, i' o 9 — 9 1 o j 1 . Then the set 
of data (#, {CV}) gives rise to a homomorphism r(0, {O s }, {O r }), which is induced by 
both t(9, {O a }, {O a }) and t(9', {O a ,}, {O a ,}). Hence $ u is well-defined. 

We denote the correspondence u \— > $ u by 0. Then the inverse of is obtained as follows. 
Given any $G [(SK(G), *); (X, o)] p , we define a map u$ : (if,x ) — > ([(^(G), *); (X, o)] p , o) 
by the rule that for any x G K, u®(x) is the restriction to the subspace G /} of 

(SK(G), *), where [t,x] denotes the image of (i, x) G / x K in STf. It is easily seen that 
the map is continuous, and the correspondence ip : $ i— > is the inverse of 0, namely, 
■u$ u = -u and $ u<t = $. Hence (1) of the lemma. 

(2) We shall only sketch the proof here since it is completely parallel to the one above. 

Given any continuous map u : (K,xq) — > ([(1(G), S°(G), 0); (X, A, o)] p , 5), we cover 
by finitely many O k , k = 0, 1, • • • , m, where C fc = 0^ ji k }y a(k) ) with i = 0, 1, • • • , n, such 
that u(xq) = 5 is contained in O with U^q = U a , = 1 G Gu a for all We then take 
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a cover {0 a } of K by connected open subsets, together with a mapping 9 : a i— > satisfying 
u(O a ) C C e ( a ). Then for each index a, there is a set of data 



O a is an element {fi, a (-,x)} G C?e( a ), which represents u(x) G [(/(G), S°(G), 0); (X, A, o)]^. In 
particular, f n , a (l,x) G V Q ( e(a )) for all x G O . We define g a : O a -> V^a)) by re / n>0 (l,a;). 
For each connected component O abjS of O a fl O b , there exists a set of elements ^ ba,s G 



^(^,0(a),^,0(6)), i = 0, ,n, where r] a ' s = 1 G G Uo and ^ = p a (*(6))a(tf(a)) (C ba ' s ) for 



some C ba,s G T (V a (e{a)) ,V a (e{p))) , such that g a (O a b,s) is contained in Domain (0£& o , s ), and the 
following equations are satisfied: 



where 7]j a ' s o £ji : e( a ) ° (Vi^) 1 is the element in T^C/j^j,), E/,-^)) that is determined by the 
component containing /j,&(ij fl/jX O a b,s)- Analogous to (2.2.6), we have 



for any component b of a ft )S fl Ob c ,t which is contained in O ac>r . Now t(9, {O a }, {Ok}) = 
({/*,o}, {€ji,9(b) °Vi a ' S }), where o r]^' 8 is the element in T(U ifi{a) ,U jm ) determined 

by the component containing f\ a (Ij H Jj x O a b jS ), is a homomorphism from r{7j x O a } to 
r{^i',fc}. We define $ u to be the equivalence class of t(9, {O a }, {Ok}), which is well-defined 
by a similar argument as in (1) above, and is clearly an element of [(CK(G), *); (X,o)] p . 

We need to verify that the restriction of to the subspace (K(G),*) is an element 
of [(K(G),*);(A,o\ A )] p so that $ u G [(CX(G') , K(G) ,*);(X,A,o)] p . Now the restriction 
of t(9, {O a },{O k }) to (K(G), *) is clearly the homomorphism ({^}, {C fea ' s }) : T{O a } -> 
r{K*'(6»(a))}, which defines an element of [(K(G),*);(A,o\a)] p - In order to justify that 
{{da}, {( ba ' s }) is indeed a homomorphism, a number of equations needs to be verified: The 
first equation in (2.2.8) for the case i — n implies that gb(x) = <f>^ba, 3 og a (x), Vrr G O a b jS , and 
(2.2.9) for the case i = n implies that (^ cb,t o ( ba,s (g a (h)) = £ ca > r . Moreover, for each index 
a, recall that {^ i>a : G — > G Uifj(a) } may be inductively determined by ^j+i^ — 9(a) ° £*> a 

with £ 0>a = p:G^G Uo and f n>0 (G) C Pa(e(a)) (Cy a(e(a)) ). We define ( a = ° ^ n ' a : G 

^^^(a)) ■ Then the second equation in (2.2.8) implies that ( b = X^ba,., o ( a . 

The correspondence : u i— > is a bijection whose inverse ■?/> is defined as follows. For 
any $ G [(Clf(G'), K(G), *); (X, A, o)] p , let m$(x) be the restriction of $ to the subspace 
{[t,x] | t G /}, which is an element of [(1(G), S°(G),0); (X,A,o)] p . The mapping x h- > w$(x) 
is easily seen to be continuous. The identities = u and = $ are clear from the 
construction. Hence (2) of the lemma. 



The second lemma is concerned with the special case when X = Y/G is a global quotient. 

We begin by fixing the notations. Let o = (o, U Q , 6) be any base-point structure of X. We 
denote by U° the connected component of X that contains o. The space U° is a connected 
component of Y that contains U Q , hence 6 G U a may be regarded as a point in U° C Y. 




(2.2.8) 




(2.2.9) 



^'W a ' S (/v>(b))=^ 



□ 
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Moreover, T(U a , U°) is canonically identified with Gjj°- We assume H C G is a subgroup 
and denote by p : H — > G the inclusion. We set Y H = {y <E Y \ h ■ y = y, V7i G if} and 
C(if) = {g e G \ gh = hg, V/iG ii}. 

Let P(Y H , 6) = {7 I 7 : i — > Y ff continuous , 7(0) = 0} given with the usual "compact- 
open" topology, and let P(Y H ,C(H),o) = {(j,g) | 7 G P(Y ff ,6), 5 G G(if), s.t. 7(1) = 
g ■ 0} given with the relative topology as a subspace of P(Y H ,d) x C(H). The space 
P(Y H , C(H), o) has a natural base point o = (70, f ) where 7 D is the constant map to 6. 

Let $ : (X, o) — > (X', o^) be any map 2 defined by a pair (/, A) : (Y, G) — > (Y', G') where / 
is A-equivariant, and o' = /(6) in the base-point structure d_ = (o', U' , o'). For any subgroup 
H C G, we set ii' = A(if ) and denote the inclusion H' C G' by p'. There is an induced map 
P(/,A) : (P(y ff ,C7(ff),6),5) - (P((Y') H ',C(H'),6'),o') defined by ( 7 ,<?) -> (/°7,A(<?)). 

Lemma 2.2.2 There exists a <fi x ■ ([(S^if), *); (X,o)] p ,o) = (P(Y H \C(H),d),o) satis- 
fying P(/, A) o <fi x = <fi x , o $ # for any map $ defined by (/, A) : (Y, G) -»• (Y', G'). 

Proof First of all, we define X : ( [(S 1 (#),*); (X,o)] p , 5) -> (P(Y H , G(if), o), 5) as follows. 
Let -u G [(S' 1 (ii'), *); (X, o)] p be any guided loop which is represented by a = {fj} G O^y, 
i — 0, 1, • • • , n. Since the image of u in the underlying space X lies in [7°, we may assume that 
Ui = U° for each % 7^ 0, n by replacing cr with an equivalent homomorphism. Consequently, 
each £jj G T(Ui,Uj) is an element of G[/o. We define a path 7 : I — > Y as follows: we 
set 7 = / on i , 7 = ^0/1 on ii, • • • ,7 = 0^ o • • • o (fi^^ o /„ on i n , and we 

define g = ^ o • • • o Q 1 ^ G Gf/o C G. Clearly 7 (0) = 6, 7 (t) G Y^W G i and 
7(1) — g ■ 0. Moreover, Ad(g) = A^ o • • • o A^ 1 which satisfies p = o p. Hence 

Ad(g)(h) = h, V7i G H so that <? G C(H). We define 0x by setting <fi x {u) = (1,9), which is 
clearly an element of P(Y H ,C(H),o). It is easily seen that <fi x is well-defined, i.e., <fi x {u) is 
independent of the choice on a. The map <fi> x is continuous as well. Furthermore, <fi x is a 
base-point preserving map, and satisfies P(/, A) o X = <fi x , o <3> # for any map $ defined by 
(/,A):(Y,G) ■{)■'.(:'). ' 

It remains to show that (fix is a homeomorphism. We construct a -0>x : P(Y H , C(H), o) — > 
[(^(PT), *); (X,o)] p as follows. Given any (7,0) G P(Y H ,C(H),d), it is obvious that 7(2) G 
[7° for all £ G i, and g G G^o because g ■ U° = U°. We define -0>x by sending (7, to the 
element in [(S 1 (H),*);(X,o)] p which is the equivalence class of G C^ j, i = 0,1,2, 

where i C 7 ~ 1 (tU ii = (0,1), i 2 C 7" 1 (^ £U ^0 = £4, l/i = U 2 = U Q , f = 7 | Jo , 
/1 = 7|/i, /2 = fi ,_1 °7|/ 2 ) and 60 = 1, £21 = 9~ l - Clearly ifi x is continuous, and <fi> x o^ x = Id, 
ipx (fix = Id. Hence (fix is a homeomorphism. 

□ 

Now we present the first list of properties of the homotopy sets defined in Definition 1.1. 
Proposition 2.2.3 

(1) There are natural group structures on tt^ ' p \x , o) and 7rjj,+f^(X, A,o) for k > 1 which 
are Abelian when k > 2. 



2 here $ is allowed to be a general map, i.e., $ is not in the more restricted class specified by Convention 
in Introduction. 
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(2) For any $ G [(X, o); (X', o% (resp. $ G [(^^^(I'^y)],], inere are natural 
homomorphisms : ttJ ^ (X, o) -> vrf y) (X', (resp. : itf ,p) (X, A, o) -> 
7r|. G ' p ^(X', A', c/),) p' = r]op t which depend only on the homotopy class o/$. For 
any (if, 77) where i] : H ^ Gq is an injective homomorphism which factors through 
p : G ^ Go by l : H ^ G, there are natural homomorphisms t* : tt^' p \x,o) — > 
Trf (X, o) and t * : (X, A,o) — > (X, A, o). 

(3) For i/ie case G = {1} ; 7r fe (X, o) ; 7Tfc + i(X, A, o) are naturally isomorphic to iik(BYx, *) 
and irk+i(BFx, BFa,*), where BYx,BYa are the classifying spaces of the defining 
groupoid for X and A respectively. 

(4) When X = Y/G is a global quotient, for any subgroup p : H C G, there are natural 

isomorphisms 9x '■ 7r^'^ (X, o) = 7ik(Y H ,d) for all k > 2, and the natural exact 
sequence 

(2.2.10) 1 - ^{Y H ,o) - ?r[ H ' p \x,o) - C{H) - 7r (Y H ,6) - 4 H '"\x,o). 

Proof (1) For any k > 1, we fix an identification S k = SS^ 1 and D k+1 = CS k . Then by 
Lemma 2.2.1, irf ,p) (X,o) and 7r£' p) (X, A, o) are the 7r fe _i and n k of ([(^(G), *); (X,o)] p ,5) 
and ([(/(G), S°(G), 0); (X, A,o)] p , o) respectively. Hence they have natural group structures 
for k > 1 which are Abelian when k > 2, cf. Lemma 2.1.2. 

(2) Straightforward. 

(3) Note that a map from a topological space 5 (which is regarded as an orbispace trivially) 
to an orbispace X is an equivalence class of restructures on S, where Y x is ranging in a 
certain set of etale topological groupoids which define the orbispace structure on X. It is 
easily seen that when a choice of Yx is fixed, a map from S to X can be naturally identified 
with a Tx-structure on S (cf. Lemma 3.1.2 in [3]). On the other hand, by a theorem of 
Haefliger in [10], the set of homotopy classes of restructures on S is naturally in one to 
one correspondence with the set of homotopy classes of continuous maps from S into the 
classifying space BY X of Y X - The assertion follows easily. 

(4) We consider the continuous map n : (P(Y H ,C(H), 6), 6) — > (C(H), 1) by sending (7, g) 
to g. The fiber at 1 G C(H) is identified with the loop space Q(Y H ,d) via the embedding 
£l(Y H ,d) <^-> P(Y H ,C(H),o) sending 7 to (7,1). With Lemma 2.2.2, the assertion follows 
essentially from the fact that n : P{Y H , C(H), 0) — > C(H) is a fibration (note that C(H) has 
a discrete topology), and that tt o 4>x{uiH z U2) = n o (f>x(ui) ■ ir o 0x(^2) for any guided loops 
^1,^2 G [(S 1 (H), *); (X,o)] p . What remains is to examine the part G(i?) — > 7r (F , 6) — > 
vrf ,p) (X,o) in (2.2.10). 

The map C(H) — > 7ro(y , 6) is defined by sending a G C(H) to the class of a • 6 in 

7r (F , 6), and the map ^(7^, 6) — > ttq H ' p \x,o) is defined by sending the class of y G F ff to 
the class of n^ G [(S°(7F), 0); (X, o)] p , where n y is the map defined by (/, p) : (S°, H) -> (Y, G) 
where /(0) = 6, /(l) = y. The exactness of (2.2.10) at C(H) is trivial, we shall focus on 
the remaining case at tcq{Y h ,0). First of all, suppose y G Y H is path-connected to g • 
in Y H for some g G C(H) by a path 7. We set z = g^ 1 ■ y. Then it is easily seen that 
u y = u z , which is homotopic to the base point in itq H ' p \x,o) via the guided path defined by 
(<? 1 7iP)- On the other hand, suppose u y is homotopic to the base point in ttq H ' p \x,o). 
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Then the homotopy defines an element $ G [(1(H), 0); (X,o)] p such that the restriction of 
$ to S* = dl is u y . We apply the construction in Lemma 2.2.2 to represent $ by a pair 
(7, p) : (/, H) — > (Y, G) such that 7(0) = o. Then there is a g G G such that y = g ■ 7(1) and 
p = Ad(g)^ 1 o p. The last equation implies that g G C(H). Moreover, y is path-connected 
to g • in through (707. Hence (2.2.10) is exact at tt (Y h , 0). 

□ 

Now we turn our attention to the natural homomorphisms 

(2.2.11) C : 7i[ G ,P) (X,o) -> Aut(vrf ,p) (X,o)), fc > 1, 
and 

(2.2.12) C" : Trp^oU) - Aut(7r£f ) (X, A,o)), fc > 1. 

The homomorphism in (2.2.11) is defined as follows. Let u G [(S 1 (G), *); (X, o)] p be any 
guided loop. There is a continuous map F Uo : [(S ,1 (G), *); (X, o)] p [(S' 1 (G r ), *); (X, o)] p 
defined by u 1— > (uq#u)#v(uq) . Moreover, if w s , s G [0, 1], is a path in [(^(G), *); (X,o)] p , 
then the map F : [(S\G), *); (X, o)] p x [0, 1] -> [(^(G), *); (X, o)] p , where F(u, s) = F Ua {u), 
is continuous. We simply define (2.2.11) by setting 

C([u]) = (FO. : 7Tfc-i([(5' 1 (G'), *); (X, o)] p , o) — > tt i ,_ 1 ([(S 1 (G), *); (X, o)] p , F u (o)) 

and identifying 7r fe _i([(S' 1 (G), *); (X, o)] p , F u (o)) with 7r fc _ 1 ([(S' 1 (G'), *); (X, o)] p , o) by a canon- 
ically chosen path between F u (d) and (cf. Lemma 2.1.2). The map C([w]) is a ho- 
momorphism because ([(S l (G), *); (X, o)] p , o) is an if-group so that the multiplication in 
' n 'k-i([(S 1 (G), *); (X, o)] p , o) is also given by the homotopy associative multiplication On 
the other hand, it is easy to see that C([u]) o C([-u']) = C([u#u']) and C([o]) = Id. Hence 
C is a homomorphism from ir[ G ' p \x,o) into Aut(ir^' p \x,o)). By nature of construction, 
the homomorphism in (2.2.11) is natural with respect to the homomorphisms and 1* in 
Proposition 2.2.3 (2). 

The homomorphism in (2.2.12) is defined as follows. Let u G [(S 1 (G), *); (A, o\a)] p be any 
guided loop. We consider a family of elements u(s) G [(1(G), S°(G), 0); (X, A,o)] p , s G [0, 1], 
which is defined by restricting u#o to [0, s] and then reparametrizing it by t 1 — > ts,Wt G /. 
Note that u(0) = and u(l) = uj^b. With u(s), a continuous map F u from the loop space 
Q([(I(G), S°(G),0); (X, A,o)] p ,o) to itself is defined as follows. Given any loop v : [0, 1] — > 
[(I(G),S°(G),0); (X,A,o)] p where v(0) = v(l) = 5, we define the loop F u (v) by 

f u(3s) < s < I 

(2.2.13) F u (v)(s) = I u#v(Zs - 1) \ < s < \ 

[ «(3-3s) I < s < 1. 

The map F u is clearly continuous. Let v be the constant loop into 0, and set v' Q = F u (v ). 
Then F u induces a homomorphism 

C' u : 7r fc (n([(J(G), S°(G), 0); (X, A,o)] p , 5),v ) - 7r fc (fi([(/(G), S°(G), 0); (X, A, o)] p , 5), t/ ) 

for fc > 0. On the other hand, v' = F u (v ) is canonically homotopic to v , so that C' u gives rise 
to a homomorphism C"(u) : 7T^\X,A,0) ^ vrgf^X, A,o) for fc > 1. Finally, we observe 
that C'(u) depends only on the homotopy class of u, and that C'(u) o C'(u') = C'(u#u'), 
C'(o) = Id. Hence the homomorphism in (2.2.12). 
We end this subsection with 
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Proof of Proposition 1.3 

(1) Given any guided path u G [(1(G), 0, 1); (X, oi, og)]^), the mapping v i— > (u#v)#v(u) 
which is from ([(^(G), *); (X, o^\ v , o~ 2 ) to ([(^(G), *); (X, oi)] p , (u#6 2 )#is(u)) is continu- 
ous. The induced homomorphism between the homotopy groups is defined to be u*, where 
we take a canonical path between 6\ and (u^02)i^v(u) to identify the homotopy groups of 
([(S 1 (G), *); (X,oi)] p ,di) with the corresponding ones of ([(^(G), *); (X,Oi)] p , (u#o 2 )#i/(u)). 
By the nature of definition, for any guided paths tti, U2, we have i^(ii2)*°(ui)* = C([v(u2)#ui\), 
from which it follows that u* is isomorphic. 

(2) Given any guided path u G [(1(G), 0, 1); (A, Oi\a, ^U)]^), we define a continuous map 
F n : v h-> from [(/(G), ,S (G), 0); (X, A, ^)]~to [(7(G), S°(G), 0); (X, A, oi)] p , sending 
the base point 02 to uj^o 2 , which is canonically path-connected to the base point 0\ as follows. 
Consider the restriction of m#o 2 to [0, s], and then reparametrize it by t 1 — > is, Vi G /. We 
obtain a path -u(s), s G [0,1], in [(/(G), S°(G), 0); (X, A, oi)] p which satisfies u(0) = 6\ 
and u(l) = u#02- With the canonical isomorphisms provided by the path u(s), the map 
F u induces a map u* from the homotopy groups of ([(1(G), S°(G),0); (X, A,02)] v , 02) to 
the corresponding ones of ([(1(G), S°(G),0); (X, A,qij\ p ,6i), which is a homomorphism for 
k > 1 and base point preserving for k = 0. By the nature of definition, for any guided paths 
Ui,u 2 , we have ^(^2)* ( M i)* = G'([z/(m 2 )#Mi]) when fc > 1, from which it follows that u* is 
isomorphic. When k — 0, one can easily check that //(«)* o (w)* is the identity map. Hence 

bijection when k — 0. 

(3) The existence of natural mappings 6* in Proposition 2.2.3 (2) implies that as far as the 
isomorphism class of tt^' p \x,o) or 7r£^(X, A,o) is concerned, one may always assume that 
G is a subgroup of Go and p is the inclusion G C G Q . In order to see that for a different but 
conjugate subgroup, there is a canonical isomorphism intervening, we consider the following 
more general situation: Suppose p_\_, 02 are base-point structures such that 01 = 02 = o, 
and Gi C G^ and G2 C G ~ 2 such that there is a £ G T(U 0l ,U 02 ) satisfying A^(Gi) = G2. 
Then there is a guided path G [(/(Gi),0, 1); (X, 01,02)] ( pllP2 oA e ), or in the second case, in 
[(/(Gi),0, 1); (AoiU,02U)]( Pl ,p 2 oA € ), which is defined by ({/o, {£ }) where /o([0, §)) = «i 
and /i((|, 1]) = o" 2 . The isomorphism (u^)* in (1) or (2) will then do. 

□ 

2.3 Exact sequence of a pair 

Let (X, A, o) be any pair, and p : G — > Gq be any injective homomorphism. Denote 
by i : [(S' fc (G), *); (A,o|a)] p — > ([(^(G), *); (X, o)] p the mapping induced by the inclusion 
(A,o\ A ) C (X,o), and by j : ([(^(G), *); (X, o)] p , o) - ([(/(G), S°(G), 0); (X, A, o)] p , 0) 
the continuous map induced by the mapping [(S 1 (G), *); (X, o)] p — > [(/(G), 0); (X, o)] p of 
forgetting the second base-point structure. Denote by (for the case when k — 1), j* the 
corresponding homomorphisms between the homotopy groups. Then we have 

Theorem 2.3.1 Let (X,A,o) be any pair, and p : G ^ G Q be any injective homomor- 
phism. 
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(1) For any k > 0, there exists a mapping 

(2.3.1) d:n^\x,A,o)^4 G ' p \A,o\ A ) 

which is a homomorphism for k > 1, and base point preserving for k = 0. Moreover, 
for any z G ^^'^(A, o\ A ), d o C'(z) = C(z) o d holds where C and C are given in 
(2.2.11) and (2.2.12), and for any map $ between pairs, we have do§^ = ($1^)* o d. 

(2) There exists a natural long exact sequence 

(2 , 2) • • • - ^\X,A,0) ^ nF' p \A,o\ A ) ^ rr^\x,o) h ir ( ^\x,A,o) ^ • • • 
{ ] * 4 G ' P \X,A,0) ^ nf-\A,o\ A ) ^ nf-\x,o). 

Proof (1) The case k = 0. Given any guided relative loop u G [(/(G), S°(G), 0); (X, A,o)] p , 
the restriction u\ A G [(S°(G), 0); (A, o\ A )] p , such that if Ui,u 2 are path-connected, so are 
(wi)|a, (u2)\ A - We define d[u] = [u\ A ], which is clearly base point preserving and satisfies 
9o$» = ($U)* ° d for any map $ between pairs. 

To define (2.3.1) for k > 1, we regard (S k ,*) as the suspension (SS k ~ 1 ,*). Then for any 
continuous map u : (S k , *) — > ([(/(G), S°(G), 0); (X, A, o)] p , 5), we consider the correspond- 
ing map $ M G [(CS k {G),S k (G),*);{X,A,o)] p constructed in Lemma 2.2.1 (2). We define 
d([u}) = [($ u ) | s k (G)] e 7r fe G '' P ' ) (^) £>U), which is also the homotopy class of the continuous map 
du = «(*„)| sfc : (<S* -1 ,*) -> ([(^(G), *); (A, o|a)] p , o|a) constructed in Lemma 2.2.1 (1). 
To see that (2.3.1) is a homomorphism, we simply observe that (SS 1 ' -1 ,*) is an iZ-cogroup 
(cf. [14]) and the iZ-cogroup structure of (SS^ 1 ,*), which defines the group structure 

of 7T^\X, A, o), corresponds to the //-group structure of ([(S 1 (G), *); (A, <2U)]p, o\ A ) un- 
der the correspondence u \— > (9m. Finally, it is straightforward from the definitions that 
d o C'(z) = C(z) o 9 holds for any z G nf' p) (A,o\ A ), and 9o$ t = o d holds for any 

map $ between pairs. 

(2) We begin by showing that the composition of any two consecutive homomorphisms of 

(2.3.2) is zero. First of all, it is straightforward from the definition that d o = 0. To see 
j* oi, = 0, suppose u : (S k ,*) — > ([(S' 1 (G), *); (A, o|a)] p , o|a), A: > 0, is any continuous map. 
We shall prove j* o = 0. We take a homomorphism r(6 l , {O a }, {O a }) constructed in 
the proof of Lemma 2.2.1 (1), which represents the map G [(SS k (G), *); (A, o|a)] that 
corresponds to w in Lemma 2.2.1 (1). Now for any s G [0, 1], denote by k s the homomorphism 
which is obtained by rescaling the restriction of r(9, {O a }, {O a }) to {[t, x] \t < s, x G S k } un- 
der t i— > ts. Each k s defines a continuous map tt s : (S^, *) — > ([(/(G), S°(G), 0); (X, A, o)] p , o) 
such that s i— > -u s is continuous. Moreover, we have «i = j o i o u and ■Uo(5' fe ) = 5. Hence 
j* o = 0. To see o d — 0, we first look at the case k > 1. For any -u : (S^, *) — > 
([(/(G), 1 S°(G),0);(X,A,o)] p ,5), we consider the map $ M G [(GS' fe (G), S k (G), *); (X, A, o)] p 
constructed in Lemma 2.2.1 (2). We identify (CS k ,*) with (SGS^ -1 , *), and then apply 
Lemma 2.2.1 (1) to obtain a continuous map H — u$ u : (CS k ^ 1 ,*) — > ([(S' 1 (G), *); (X, o)] p , o). 
Now observe i/l^-i^) —io (du). Hence i*od([u\) = for any continuous map u : (S k , *) — > 
([(/(G), S°(G), 0); (X, A, o)] p , o). The case = is similar, where we start with a guided 
relative loop u G [(/(G), S°(G), 0); (X, A, o)] p instead of the map u, and replace $ M by the 
corresponding path u G [(/(G), 0); (X, o)] p in the argument. 
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The exactness at n ,p (A,o\ A ): Let u G [(S°(G), 0), (A, o\a)] p be any element such that 
= [o\. Then there is a homotopy between i{u) and o, which may be interpreted as a 
guided path $ G [(/(G), 0); (X, o)] p . Now$| s o (G) = u so that $ G [(I{G), S°(G),0); {X, A,o)] p 

Clearly #([$]) = [u]. Hence (2.3.2) is exact at ^ G,p) (A, o\ A ). 

The exactness at nf ,p) (X,A, o): Let u G [(/(G), S^G), 0); (X, A, o)] p be any guided rela- 
tive loop such that d([u\) = [o\a]- Then u\rs°(G),o) is homotopicto o\a in [(^(G), 0); (A, o|a)] p , 
which gives rise to an element i> G [(/(G), 0); (A, q\a)] p satisfying v\(s°(G),o) = u \(s°(G),o)- We 
may 'compose' -u with i(y(y)) to obtain a guided loop u#i(v{y)) G [(S' 1 (G), *); (X, o)] p as fol- 
lows. We pick a homomorphism {/$} G C({g,-i},y a ) representing w and pick a homomorphism 
{/ifc} G 0{ rhk } representing u{v) where each rjik G T{V a (k), Va(i)) for some correspondence 
fc i— > a — a(k). We compose ({fi}, with ({/ifc}, {p a (0a(ifc)( ? 7^)}) to obtain a homomor- 

phism r, and define u#i{v{v)) = [r]. Note that [r] may not be uniquely determined by w 
and v. But because of its specific form, r provides a natural homotopy between j{u#i{v{v))) 
and it. Hence j*([u#i(v(v ))]) = [«], and (2.3.2) is exact at tt[ g ' p \x, A,o). 

The exactness at n (G ,p) (X,o) with fc > 1: Let u : (S k -\ *) -> ([(^(G), *); (X,o)] p ,5) be 
any continuous map such that [u] G ker j*. Then there is a homotopy H : (CS^ -1 ,*) h- > 
([(/(G), ,S (G), 0); (X, A,o)] p , 5) with //| ( sfc-i,*) = 3 ou. As shown in Lemma 2.2.1 (2), H de- 
termines an element G [{CCS k ^ 1 {G), CS k ^ 1 (G), *); (X, A, o)] p , which is the equivalence 
class of a canonically constructed homomorphism r = r(0, {O a }, {C^}). Let [t 1 ,t 2 ,x],t 1 G 
/, ^2 ^ /) x £ S^ -1 be the coordinates of CCS k ~ 1 . Then we observe that the restriction of r to 
{[ti, G /,x G S*^ 1 } represents the element G [(5'5' fe_1 (G), *); (X,o)] p determined 

by u in Lemma 2.2.1 (1), and the restriction of r to {[1,^2,^11^2 G /,x G S^ 1 } represents 
i(($H)|(CfS*-i(G),*)) e [(G^-^G),*); (X,o)] p . Moreover, ($h)|(cs*-i(G),*) is in fact defmed 
over (SS k ~ l (G) ) *) because its restriction to (S' fc_1 (G), *) is (^jo^l^fc-i^*), where $ JOU is 
the element in [(GS fe_1 (G), S fe_1 (G), *); (X, A, o)] p that is constructed in Lemma 2.2.1 (2) 
for jou. ($joO|(sfc-i(G),*) is obviously a constant map. Let ^(^)| (csfc _ 1(G) af) , ^((*«)l (csfc -i (G) ,» ) ) 
be the continuous maps defined in Lemma 2.2.1 (1) which correspond to {&H)\(cs k - 1 (G),*) 
and ?(($ H )|(cs*-i(GV)) respectively. Then the map x i-> w(aj)#^(«*((*H)| (ogfc _i (G) ^(a)), 
x G yS^'" 1 , is homotopic to the constant map x i— > o via a homotopy F(s) : (S^ -1 , *) — > 
([(S' 1 (G), *); (X, o)] p , o), where F(s) is defined by the restriction of r to 

{[*i,s,a;]|fi < s,x G S^ 1 } U {[s, t 2 , a:]|t 2 < s,x G S^ 1 }. 

This implies that [u] = [^((* H )| (csfc _ 1(G) ^)] = [«(«(* ff )| (cst - 1(G)i J = *4h* w )| (csfc -i (G) , J)- 
Hence (2.3.2) is exact at ir (G ' p) (X, o) . 

The exactness at n (G ' p) (A,o\ A ) with fc > 1: Let « : (S* -1 ,*) -> ([(^(G), *); (AoU)] p ,o|a) 
be any continuous map such that [u] G ker i*. Then there is a homotopy H : (CS k ~ 1 , *) — > 
([(^(G), *); (X, o)] p , o) with H\( S k-i^ = i o u. We shall repeat the construction in Lemma 
2.2.1 (1) to the map H, but for the specific purpose here, we choose the cover {O a } in the 
construction of the homomorphism t(6, {O a }, {O a }) as follows. First of all, we fix a homo- 
morphism a = {{i a }, {ppa}) which represents the subspace inclusion (A, o\a) C (X, o). Then 
we cover u(S k ~ 1 ) by finitely many {O s }, where each O s has the form Os$ . { \. Consequently, 
H^- 1 ) = i o uiS'- 1 ) is covered by {a(O s )}, where a(O s ) = O^J^.)^)}- Now we 



ON A NOTION OF MAPS BETWEEN ORBIFOLDS 



II. HOMOTOPY AND CW-COMPLEX 21 



cover H(CS k - r ) by finitely many {O k } such that {a(O s )} C {O k } and covers H{S k - r ). We 
proceed to construct the homomorphism r(9, {O a }, {Ok}), which defines the element G 
[(SCS k -\G), *); (X, o)] p associated to H in Lemma 2.2.1 (1). Now we identify {SCS k ~\ *) 
with (OSS' 1 - 1 , *) = (CS k , *). Then the special choice of the cover in r(0, {OJ, {C fc }) 

implies that t(6, {O a }, {O k }) also defines an element G [(CS k (G), S k (G), *); (X, A, o)] p , 
which is associated with a continuous map u-q, : (S^, *) — > ([(/(G), S°(G), 0); (X, A, o)] p , 6) in 
Lemma 2.2.1 (2), such that : (S^ -1 ,*) — > ([(^(G), *); (A, o\a)] p , o\a) equals u. Hence 
[u] = and (2.3.2) is exact at 4 G,p) (A, o\ A ). 

The exactness at vrgf^X, A,o), k > 1: Let « : (S fc , *) -> ([(/(G), S°(G), 0); (X, A,o)] p ,o) 
be any continuous map such that [u] G ker <9. Then there is a homotopy i/ : (CS k ~ 1 , *) — > 
([(S' 1 (G), *); (A, o|yi)]p, o|a) with i/Lgk-i ^ = 9m. We fix a homomorphism a = ({««}, {p/3a}) 
which represents the subspace inclusion (A, o\a) C (X, o), and cover H(CS k ~ 1 ) by finitely 
many {O s } where each O s = 0{^ jis y. Then « o H(CS k ^ 1 ) is covered by {a(O s )} where 
<t(Ps) = {Pa( . s)a( . s) ^ ji s )}. Now we construct a homomorphism n = r(6>, {O a }, {<r(O a )}) 
which represents the element $j _H" G [(jS'GjS^ -1 ^), *); (X, o)] p associated to i o H in Lemma 
2.2.1 (1), and construct a homomorphism r 2 = t(0', {O a >}, {O a i}) which represents the 
element $ u G [(GS^G), S k (G), *); (X, A, o)] p associated to it in Lemma 2.2.1 (2). By identi- 
fying (SCS k ~ 1 , *) with (CSS k ~ 1 , *) = (C<S*, *), we regard T\ as a homomorphism which de- 
fines a map from (CS k (G), *) to (X, o). Since the restriction of Ti to the subspace (S k (G), *) 
represents $iod« = i we ma Y arrange to join r 2 with ri along (S k (G),*) to 

define a homomorphism r where [r] G [(S'S' fc (G), *); (X, o)] p , where we identify (SS k (G), *) 
with (GS fe (G),*)U(s*(G),*)(^ fe (G),*). We then apply Lemma 2.2.1 (1) to [r] to obtain a 
continuous map U[ T ] : (S k , *) — > ([(5' 1 (G), *); (X, o)] p , o). The specific form of r gives rise 
to a natural homotopy between j o *U[ T ] and -u. Hence [u] = i*([«[ T ]]) and (2.3.2) is exact at 

n^\x,A,o). 

The proof of Theorem 2.3.1 is thus completed. 

□ 

2.4 The theory of coverings 

In this subsection we give a detailed, elementary presentation of the theory of coverings 
of orbispaces. We also derive the following useful corollary which was involved in the proof 
of the Arzela-Ascoli precompactness theorem for G r maps between smooth orbifolds in §3.4 
of [3] . Its proof is given at the end of this subsection. 

Lemma 2.4.1 Let $ : X — > X' be a map 3 between global quotients, where X = Y/G, 
X' = Y'/G', such that Y is connected and locally path- connected. Then $ is defined by 
a pair (/, A) : (Y,G) — > (Y',G') where f is \-equivariant if and only if there are base- 
point structures o, d_ such that under : 7Ti(X, o) — > 7Ti(X', c/) ; ni(Y,6) is mapped into 



'here $ is allowed to be a general map, not restricted by Convention in Introduction. 
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7Ti(Y',d'), where iri(Y,d), 7r 1 (F / ,6 / ) are regarded as subgroups of iti(X,o), ni(X',(f) via the 
exact sequence (2.2.10) with H = {1}. 

The following definition generalizes the notion 'orbifold covering' in Thurston [15]. 

Definition 2.4.2 Let U : Y — > X be a map of orbispaces and tt : Y — > X be the induced 
map between underlying spaces. We call II a covering map, if there exists a homomorphism 
({7r Q }, {ppa}) : r{V^} — > T{U a /}, a G A, whose equivalence class is the map U, such that 

(a) each ir a : V a — > C/ Q zs a p a -equivariant homeomorphism, 

(b) /or any [/ G {U a }, {V a \a G A(C/)} the set of connected components o/7r _1 (C/) ; 
where A(U) is the subset of A defined by A(U) — {a G A | U — U a }, and 

(c) the map n : Y — > X between underlying spaces is surjective. 

The orbispace Y together with the covering map II : F — > X is called a covering space 
of X . Each element U G {U a }, which all together form a cover of X by (c), called an 
elementary neighborhood of X with respect to the covering map IT. 

Remark 2.4.3 

(1) By passing to an induced homomorphism of ({tTq,}, {ppa}) if necessary, we may assume 
that a connected open subset of an elementary neighborhood is an elementary neighborhood. 

(2) By the general assumption made in Convention in Introduction, each p a : G Va — > G Ua 
is injective, and each pp a : T(V a , Vp) — > T(U a ,Up) is partially injective in the sense that if 
P/3a(£i) — P/3a((,2) and Domain (<%) fl Domain (0^ 2 ) ^ 0, then £i = £ 2 . But in the case of a 
covering map, one can easily verify that pp a is in fact injective. 

(3) The composition of two covering maps is a covering map. 

(4) Let q = (q,V ,q), p = (p,U ,p) be base-point structures of Y and X respectively. 
Given any covering map II : Y — > X, we may always assume that V Q G {V^}, U Q G {U a /}, 
and 7r : V D — > C/ sends g to p. 

First of all, we investigate the path-lifting property of a covering map. To simplify the 
notation, we write P(X, 01,02) for the path space [(/, 0, 1); (X, 01,02)]. Let II : (Y,g) — > 
(AT,p) be a covering map, represented by ({tTq}, {p/? a }) as described in Definition 2.4.2. 
Given any p' = (p',U,p') where U G {U a >}, and any connected component V a of n~ l {U), 
{P/3a}) canonically determines a q' = (q',V a ,q') by setting q' = vr" 1 ^') and g' = 
n v a (o') e ^- F° r an y # e ^c/ an d p' = (p',U,p'), we denote the base-point structure 
(p', C/, g -p') by g -p'. Note that there is a natural mapping from P(X,p,p') to P(X,p, g-p'), 
denoted by u 1— > #-n, which is defined by sending a representative ({/«}, « = 0, 1, • • • , n, 

of u to ({//}, {^}), i = 0, 1, • • • ,n, where // = /< for i < n - 1, = for i < n-2, 

and ^ = O /„, Cn(n-l) =9° fn(n-l)- 

Lemma 2.4.4 Let II : (Y, q) — > (X,p) &e a covering map defined by ({ir a }, {ppa}), an d 
p' = (p',U,p') where U G For any path u G P(X,p,p f ), there is a unique component 

V a ( u ) of 7r _1 ({7) and a unique left coset 5(u) G Gu / p a (u){Gv a(u) ) , such that after fixing a 
representative g G GV of 5{u), there is a unique path £(u) g G P(Y,q,q'(g)) where q'(g) is 
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the base-point structure canonically associated to g ■ p' and V a ( u ) by ({n a }, {ppa}), such that 
({ n a}, {Pfia}) ° £(u)g — 9 ' u - For an U continuous family u s G P(X,p,p'), the component 
Va(u s ) and the coset 5(u s ) are locally constant with respect to s. When the parameter space 
of s is connected, one can choose representatives of S(u s ) independent of s, and in this case, 
the family of paths £(u s ) g is continuous in s, where g is any such a representative of 5{u s ). 

Proof Given any u G P(X,p,p'), we pick a representative a = ({/?}, : r{Jj} — > 

T{Ui'}, i = 0,1, • • • ,n, where each U G {U^} is an elementary neighborhood of X with 
respect to the covering map II. We shall construct a 1(a) = ({£(fi}}, {£(€&)}) '■ ^{h} — > 
T{Vi'}, such that (1) each Vi G {14} is a connected component of 7r _1 ([/j), and (2) there 
exists {gi G G\j i \ g = 1, i = 0, 1, • • • , n} satisfying 

(2.4.1) Hi o e(fi) =g t ofi, Pji(£(£ji)) = 9j o & o g- 1 , 

where ^ : Vi -> C/, and p 5i : T(Vi, Vj) -> T(Ui,Uj) are given in ({n a }, {pp a })- £{&) is 
defined inductively as follows. For i = 0, we simply define £(fo) = tt^ 1 o f : 7 — > V , 
which clearly satisfies £(/o)(0) = g. Now suppose that ^(6s(fc-i)) an d £(/&) are defined for 
all < k < i. We shall define and £(fi+i) as follows. First of all, it follows from 

TTi ° ^(/i) = 9i°fi that 7r(7r yi (£(/;) (7; n C U i+1 , hence by (b) of Definition 2.4.2, there 

is a unique connected component V^+i of 7r — 1 (f7 i+1 ) which is determined by the condition 
TTv i {£{.fi)(h H ^i+i)) ^ ^i+i 7^ 0- Secondly, let V be the connected component of Vi fl V i+ i 
that contains 7i Vi (£(fi)(Ii H ii+i)), and let VF be the connected component of U fl U i+i 
that contains tt^ (£(/;)(/; n = ^uXf^h H A+i)). Then maps 7V(1^, VJ+i) 

injectively into T w (Ui, U i+l ), and lies in T w (Ui, U i+1 ). We pick a 77(1+1), G T v (Vi, V i+1 ) 

such that £(fi)(Ii n Jj+i) C Domain (<&, (i+1)j ). Then since m o = ^ o p (i+1 )j (77^+1)^ 
has the same domain with £(j+i)j o g" 1 , and therefore there exists a <?,+i G Gu i+1 such 
that P(i+i) i (77( i+ i) i ) = g i+ i o o Finally, we define = vr^ o (ft +1 o 

£(t(i+i)i) = V(i+i)i- Then it is clear that £(^ i+ i)i) o £(fi) = £(f i+1 ) on I { n J i+ i, and 7r m o 
£(fi+i) = ft+io/i+ii = fei^fi+ijiOft 1 ' % induction, £(<r) is defined with 

the claimed properties. 

We observe that in each step of the above construction, V. is uniquely determined, and if 
£'{o~) = ({£'(fi}}, {£'(Cji}}) an< i {9i} is another choice, then there exists a set {hi \ hi G Gy,} 
such that gl = Piih,i)gi, and £'(fi) = /ijo£(/j), ^'(£j*) = ^3 ^« rl - m other words, £'(<t) 

is conjugate to £(cr). 

Let r = ({fk}, {£,ik}) '■ r{Jfe} — > r{C/fc/}, A; = 0, 1, • • • , m, be any induced homomorphism 
of a, defined via (9, {£&}, {j^}) where 6> : {0, 1, • • • ,m} — > {0, 1, • • • , n} satisfies 0(0) = 0, 
0(m) = n, C,k '■ Jk h{k) is the inclusion for all k, and jk G T(Uk,Ue(k)) satisfies j — 1) 
j m — 1, such that 

(2-4.2) f k = o fg ( k)\j k , £ik = 3T 1 6(O0(fc) Jfc- 

For any choice of (^(<r), {ft}), (£(t), {g k }) with (2.4.1) satisfied, if we set j k = g e{k ) °]k°g k l e 
T(t4, Uei^k)), then it is easy to check that the following hold: 

(2.4.3) n k o £(/ fc )) = f^ 1 o (7r 9(fc) o £(fe( k ))), Pik(£(&k)) = JT 1 o Pe(i)e(k)(£(te(i)9(k))) ° Jk 



24 



WEIMIN CHEN 



On the other hand, observe that j — 1 and V = V 9 (o) = V , so that (2.4.3) implies 
inductively that V k fl V e ^ k) ^ 0, and f k = pe{k)k^k) for a unique i k G T(14, V^ fc) ) such that 

(2.4.4) £(f k ) = if o £(f 0{k) ), e(£ lk ) = if o t{i mm ) o z fc . 

With the preceding understood, we now determine V a {y)i 8(u), and define £{u) g after having 
chosen a representative g of <5(w). First of all, observe that V m ,Ve( m ) = V n are connected 
components of 7r~ 1 (f/), so that V m fl V e ( m ) ^ implies V m = Ve^ m y We define V a ( u ) = V m . 
Secondly, i m E T(V m , V e(m) ) = G Vm and p m {i m ) = f m = 9e{m) ° ]m ° gf = 9e{m)9f implies 
that the left coset of g m in Gjj / p a (u)(Gv a(u) ) depends only on u. We define 5(u) to be the 
coset of g m in Gu / p a ^(Gv a(u) ) ■ Finally, if we fix a representative g of 5(u) for the g m ,9n m 
the above consideration, then j m = 1 and % m = 1, so that £(cr), £(t) define the same element 
in P(Y, q, q'(g)), which is defined to be £{u) g . By the nature of construction, T\.o£(u) g = g-u, 
where II is regarded as a map from (Y, q, q'{g)) to (X,p, g ■ p f ). 

As for the uniqueness of £(u) g , suppose Ui,U2 € P(Y,q,q'(g)) are two paths such that 
Houi = Uov,2- Then in particular, the paths in the underlying space of X coincide, and hence 
there exist n = {{fi,i}, ■ - V{V i{1) }, r 2 = ({/ i>2 }, {77^2}) : r{/,} ^ F{V i{2) } 

representing Ui,u 2 respectively, where for each i, K(i) ) l / i(2) are connected components of 
7T _1 (^i) for some elementary neighborhood C/j. The compositions of Ti, r 2 with {{7f a }, {p/3 a }) 
are equivalent, because they represent the same II o u± — U o u 2 - Hence by Lemma 3.1.2 in 
[3], they must be conjugate, and furthermore, since they preserve the base-point structures, 
they are actually equal, which means 

(2-4.5) 7Tj(i) O f iyl = 7Tj( 2 ) O / ij2 , p j{ V)i(l) (Vji,l) = Pj(2)i(2)(Vji,2)- 

We shall derive from (2.4.5) that = for all i by induction. For i — 0, = V^ 2 ) = 
V Q , so that by (2.4.5), we obtain / ,i = /o,2 and 7710,1 and r] W)2 have the same domain. The 
latter then implies that fl V ity2 ) ^ for i — 1, or equivalently = V^( 2 ) for « = 1. By 
induction V^i) = \^( 2 ) for all i, with which (2.4.5) implies T\ = r 2 . Hence Mi = u 2 and £{u) g 
is unique. 

Finally, let u s be any continuous family of paths. For any s , when s is sufficiently close 
to s , u s is represented by a a s = {/»(■, s)} G C^}, where each fi(t,s) is continuous in 
both variables. Thus when s is sufficiently close to s , V^( Us ) = V^( U3o ), and 5(m s ) = S(u so ). 
In other words, V a ( Us ) and 5(u s ) are locally constant in s. When the parameter space of s 
is connected, V a ( Us ) and 8{u 8 ) are constant so that we can choose representatives of 5(u s ) 
independent of s. The family of liftings £{u s ) g is continuous in s for any choice of such a 
representative g, because it can be locally represented by £(a s ) which is continuous in s. 

□ 

As in the classical covering theory, we can deduce the following immediate corollary. 

Corollary 2.4.5 Let U : (Y,q) — > (X,p) be a covering map. Then the induced homo- 
morphism : it k (Y, q) — > n k (X,p) is isomorphic when k > 2 and injective when k — 1. 

We introduce the following definitions. 

(1) An orbispace is locally path-connected if the associated etale topological groupoid is 
locally path-connected, or equivalently, each local chart Ui is locally path-connected. 



ON A NOTION OF MAPS BETWEEN ORBIFOLDS 



II. HOMOTOPY AND CW-COMPLEX 25 



(2) An orbispace X is semi-locally 1-connected if for any point p, there is a local chart Ui 
containing p, such that the composition of homomorphisms ni(Ui,p) — > TTi(Ui,p) — > 
7ri(X, p) has trivial image for any base-point structure p = (p, U^p). 

(3) A connected, locally path-connected covering space II : Y — > X is universal if 7r 1 (F) 
is trivial. 

The last definition is justified by the following lemma. 

Lemma 2.4.6 Let II : (Y,q) — > (X, p) fre a covering map. For any map 4 $ : (Z,z) — > 
(X, p) where Z is connected and locally path- connected, there exists a unique map : 
(Z,z) — > (Y,g) suc/i Jtono£($) = $ z/and only if ^^(n 1 (Z, z)) C IL(7Ti(Y, <?)) m 7Ti(X,p). 

Proof The 'only if part is trivial as usual. We shall prove the 'if part next. 

We introduce some notations first. Let ({rc a }, {P/3a}) be a representative of II as in Defi- 
nition 2.4.2, which will be fixed throughout the proof. Let q — (q,V Q ,q),p = (p,U ,p) and 
z = (z, W , z) be the base-point structures. 

We pick a representative of $, denoted by a = ({</>«}, '■ F{Wi} — > F{Ui>}, where we 

may assume that each U G {U^} is an elementary neighborhood. The strategy of the proof 
is to find a set {5i \ 5i G Gu^b = 1 G Gjj }, such that 8(a) = ({S(<f>i)}, {S(r)ji)}), where 
S((f>i) = ^ o 5(r]ji) = Sj o rjji o 8~ l , can be lifted to (Y,q) through ({n a }, {pp a }) directly. 

Such a set {5{\ may be obtained as follows. For each i, we pick a point Zi G Wi and a 
Zi G Wi such that 7i w .(zi) = z iy with z Q = z and z a — z where z, z are given in z = (z, W a , z). 
This gives rise to a set of base-point structures Zi = (zi, Wi, zi) of Z, and a corresponding 
set of base-point structures of X: pi = (pi,Ui,pi) where each pj = <f>(zi) and pj = 4>i(zi), 
with £o = z, p = p. (Here : Z — > X is the induced map of $ between underlying spaces.) 
Since Z is connected and locally path-connected, it follows that for each Wi, there exists 
a path Ui G P(Z,z,Zi), and therefore a push-forward path u'i = a o m E P(X,p,pi). By 
Lemma 2.4.4, there exist a connected component V^') of 7r _1 (f/j) and a coset 5(u'j) such 
that after choosing a representative <5j of the path Si ■ u\ in P(X,p, Si -pi) can be lifted 

to a path in Y through ({tt }, {p/3 a })- The upshot is that the component V a t u '.) and the 
coset S(u'i) are independent of the choice on the path Ui, because of the assumption that 
<&*(ni(Z, z)) C n*(7Ti(Y,£)) in 7Ti(X,p). Now we set V* = V^u'j and choose a representative 
Si G of the coset 8(u'i) for each i. We define 8(a) using the set {Si} thus obtained. Note 
that 5(a) has the following property: for any path Ui G P(Z, z, zi), the push-forward path 
8(a) o Kj g P(X,p,5i ■ p^ can be directly lifted to a path in (Y, 5, qi(8ij) by ({tTq,}, {p/3 a })> 
where qi(8i) = V*, <&) is the base-point structure defined by <ji = ixi l (5i-pi) and q, t = irv^qi) 

(here 7Tj : Vi — > C/j is the homeomorphism given in ({vTq,}, {p/? Q }))- 

We prove next that 8(rjji) : T(W / i , H^,) — > T(Ui, Uj) has its image contained in p ji (T(Vi, V})), 
in particular, each 8(r]i) = Ad(5i)or]i : —> G\j i has its image contained in Pi(Gvi), so that 
we can define 1(d) = ({£((f>i)}, {t(Vji)}) °y setting £(&) = n^oS^i) and £(r]ji) = p~l oSfai). 
The desired map £(<&) '■ (Z,z) — > (Y, g) is the equivalence class of £(a). 

Given any £ G T(Wj,Wj), we pick a point £' G Domain (0g). Since Z is connected and 
locally path-connected, there is a path Ui G P(Z,z,zi), a path 7 in Wi joining fj to and 

4 here both <E>, £(<£>) are general maps, i.e., not restricted by Convention in Introduction. 
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a path 7' in Wj joining (f)^(z') to £j. Let Uj = Mj#7#^7' be the path in P(Z,z,Zj) which 
is defined by composing Ui with 7 and then with 7' through £. The push-forward path 
5(cr) o«j G P(X,p, Sj -pj) can be lifted directly to (Y, q, q.{5j)) through ({7T Q }, {p/3 Q }), which 
implies that S(r)ji)(£) lies in the image of pji. 

Finally, we address the uniqueness of Let \I/ 2 : {Z,z_) — » (Y, q) be any maps such 
that II o \1> 1 = n o \I>2 = $. Since in particular the induced maps between the underlying 
spaces coincide, we may represent ^1, \I/ 2 by T\ = ({ipl^}, {6$}) '■ rjW 7 ;} — > r{V^(i)} 

and r 2 = ({ipi^}, {#,•?}) '■ TjlYj} — > r{Yj( 2 )} respectively, where K(i) > ^(2) are connected 
components of 7r _1 (C/j) for some elementary neighborhood C/j. The compositions of r 1; r 2 
with ({7r a }, {p/ja}) are equivalent, because they represent the same map $. Hence by Lemma 
3.1.2 in [3], they are conjugate, and furthermore, because they also preserve the base-point 
structures and Z is connected, they are actually equal. If = Vi{2) for all i, then it is 
easily seen that T\ = r 2 so that ^1 = \1' 2 . Suppose Vni) 7^ Y«( 2 ) for some index i. We pick a 
Zi = (zi, Wi, Zi) and a path u G P(Z, z, zi). Then it is easily seen that $iOti and \1' 2 o u are 
two different liftings of $ o u, contradicting the uniqueness of path-lifting in Lemma 2.4.3. 
Hence V^i) = Yj( 2 ) for all i. 

□ 

Next we discuss the existence of universal covering and deck transformations. 

Proposition 2.4.7 Let X be a connected, locally path- connected and semi-locally 1- 
connected orbispace. Fix a base-point structure p = (p,U ,p) of X. Then for any subgroup 
H of tvi(X, p), there is a connected covering space n : (Y,q) — > (X,p), which is unique up to 
isomorphisms, such that $*(7Ti(Y, q)) = H. 

Proof We first construct the underlying space of Y. To this end, we consider the path 
space P(X,p) = [(I,0);(X,p)], which is given a natural topology by the general method 
described in §3.2 of [3]. We introduce an equivalence relation ~# in P(X,p) as follows. 
Given any Ui,u 2 G P(X,p), we define U\ ~# w 2 , if there are Oi, <7 2 representing Ui,u 2 
respectively, and there is a £ G \Ji,jT(U i: Uj), where {Ui} is the atlas of local charts on X, 
such that G\ may compose with 1/(02) y i a £ to form a homomorphism 0i#£^(0 2 ), which 
defines a loop in (X,p) whose homotopy class lies in H. We define the underlying space of 
Y to be P(X,p)/ which is obviously path-connected, hence connected. As a notational 
convention, for any u G P(X,p), we denote its equivalence class under ~ H by Uh G Y. 
There is a natural surjective continuous map it : Y — > X defined by uh u(l), where u(l) 
is the terminal point of the path u in X. (Here the surjectivity of n relies on the fact that 
X is path-connected.) The space Y has a natural base point q = pn, where p G P(X,p) is 

the constant path, defined by the constant map into p G U a . Clearly n(q) = p. 

For any point y = u H G Y , where u is represented by a = ({7^}, {6fc}) : L{/ fe } — > r{£4'}, 
= 0, 1, • • • , n, we set U a — U n and = 7„(1) G C/ CT . We may assume that the semi-locally 
1-connectedness holds for U a without loss of generality. We define a map -n a : U a — > Y as 
follows. For each z & U a ,we connect to 2; by a path 7 2 in L^. (the existence of 7^ is ensured 
by the locally path-connectedness of X), and define 7r a (z) = [0"#7 z ]i?. The assumption that 
X is semi-locally 1-connected ensures that the map ii a is well-defined, and the assumption 
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that X is locally path-connected implies that ir a is continuous. We set V a = n a (U a ) C Y, 
which obviously satisfies n(V a ) = U a . 

We will show: (1) V a is a connected open neighborhood of y in Y. (2) There is a subgroup 
Gy a of Gy a such that U a /Gv a is homeomorphic to V a under 7T a . (3) There is a set T = 
{T(V a , V T )}, where each T(V a , V T ) is a subset of T(U a , U T ). Together with the atlas of local 
charts {(V a , GV CT , tTo-)}, where V c = U a , it defines an orbispace structure on Y (cf. Proposition 
2.1.1 in [3]). (4) The maps tt ct : V c = U a and p ru : T(V a , V T ) C T(U a , U T ) define a covering 
map II : Y — > X. (5) We have IL,(7ri(Y, g)) = where in q = (q, V Q) q), V Q = 7r aq (U ), and 

q = p G U = V Q . Here a q is the canonical representative of q, the constant map into p. 

For (1), we first prove that V a is open. It suffices to show that the inverse image of V a 
under the projection P(X,p) — > Y is open in P(X,p). To this end, we need to show that 

given any u G P(X,p) with {uq)h = 7T<r(<Zo) f° r some G £/ CT , and for any u G P(X,p) 
sufficiently close to m , there is a z G C/ CT such that n a (z) = uh- Let 7 20 be a path in C/ CT 
connecting a to zo, such that n a (z ) = [u^Iz^h- We take a To = {/i,o} G C^j, < i < m, 
such that [t ] = tt , where without loss of generality, we assume that U m = U a , / m ,o(l) = z , 
and the homotopy class of the loop [To#v((T#'y zo )] ^ es m H ■ Now we pick a ti G ij H 
for each i = 0, • • • , m — 1, and for each r = {/,} in the open neighborhood of To, we 

take a path 7, in Domain (<fe (i+1)i ) running from to fi,o(ti) for each i = 0, • • • ,m — 1, 

and take a path 7 in U a running from f m (l) to / m ,o(l) = 20 ■ We define r' = {//} G 
where for each < i < m — 1, // is obtained from pre-composing /j by o i/(7 i _ 1 ) and 

post-composing /; by 7^ and is obtained from pre-composing / m by ^ m(m _ 1) °^(7m-i) and 
post-composing / m by 7^2/(7) . Then r' is homotopic to r so that [r']# = [t]h- On the other 
hand, by the semi-locally 1-connectedness of X, the loop [t'#z/(t #z/(7))] is null- homotopic, 
so that [t'] h = [Toif^d^H- Now observe that r #z/(7)#z/((T#(7 Z0 #z/(7))) is homotopic to 
r #z/((T#7 2o ), which defines a loop whose homotopy class lies in H. If we let z = / m (l), 
then we have n a (z) = [g#(^ Zq #v(^))\h = [tq#v(i)\ h ^[ t ']h = [t\h- Hence V a is open in 
Y . Finally, V a is connected because U a is and V a = 7r a (U a ). This concludes the proof of (1). 

For (2), we obtain the subgroup Gy a as follows. We denote by g_ the base-point structure 
(7i(y),U a ,cr), and consider the isomorphism [a]* : tti(X, a) — > iri(X,p), where [a] is the 
path in P(X,p,a) defined by a, cf. Proposition 1.3 (1). Set H a = [er]" 1 (//"). Now for each 
g G Gjj^ , we take a path 7 9 in C/ CT connecting a and (7 • <r. Then the pair (7^, g) determines an 
element [(7 g ,5 1 )] in 7Ti(U a ,a_), cf. Lemma 2.2.2, whose image [g] under TTi{U a ^a) — > 7Ti(X, a_) 
is independent of the choice on the path 7 9 by the semi-locally 1-connectedness of X. We 
simply put G Va = {g G G Ua \ [g\ G H a }. The fact that (j g , g)#(jh, h) = (^ g h,gh) for some 
path 7 9ft connecting a to gh ■ a in U a shows that Gy a is a subgroup of Gjj a . It remains to 
show that n CT induces a homeomorphism between U a /Gv a and V a . First of all, 7r CT : U a — > Vo- 
is GV CT - invariant. This can be seen as follows. Let g be any element in GV CT - Given any 
z G f/o-, let 7 Z be a path in U a running from to z such that ^(z) = \oj^^^\u- Then 

• z) = [o"#(7 9 #fi f 7z)]if because 7 9 #5 f o 7 2 is a path in C/ CT connecting a and ^ • 
Now it is easily seen that c#(7 g #g l 7 2 ) may compose with v[o^^ z ) through g^ 1 G Gu„, 
and the resulting homomorphism represents a loop whose homotopy class is [c] *([#]) G H. 
Hence ir a (g ■ z) = n a (z). Secondly, suppose it a (z) = n CT (z'). Take paths j z , 7 2 / connecting 
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a to z and z' respectively. Then the assumption ir a (z) = ir a (z') implies that there is some 
g G G\j a with z' — g • z such that 0#7 2 may compose with ^(0#7 Z ') through g to form a 
homomorphism which defines a loop in X, whose homotopy class is an element h G H . If 
we join a and g ■ a by the path 7 9 = j z '^v(g o 7^), we see that the class [(7^, g)\ in ni(U a , 0) 
has its image [g] = [c]* 1 ^ -1 ) G under 7Ti(C/ CT ,a;) — * 7Ti(X, 0). Hence (7 lies in Gy a - From 
here it is easy to see that ix a induces a homeomorphism between U a /Gv„ and V a . 

For (3), suppose (V ai , Gy ai , ^v ai ), (K- 2 > Gv„ 2 , ^v^) are two local charts constructed from 
0i, 02 respectively, such that fl 7^ 0. The assumption V ai fl 7^ implies that 
C/o-j fl U C2 7^ since 7r(V^) = U a . We shall define T(V ai ,V a2 ) as a subset of T(U ai ,U a2 ) 
as follows. Given any £ G T(U ai ,U a2 ), if there exists a z £ Domain (0^) such that the 
composition of 0i#7 2 with ^(02#7</> e ( 2 )) through £ defines a loop whose homotopy class lies 
in H, then we put £ in T(V ai , V C2 ). Here 7 2 , 7</> e ( 2 ) are paths in U ai , U C2 connecting 01, 2 
to z, (f)^(z) respectively. Note that T(y a , Va) = Gy a according to this definition. On the 
other hand, since Domain (0^) is path-connected, £ G T(V ai , V C2 ) implies that ir ai = ir a2 o0^ 
on Domain (0^) and that ir ai (Domain (0^)) is a connected component of V ai fl V a2 . This 
allows us to assign 0^ to £ even if £ is regarded as an element of T(V ai ,V a2 ). Finally, we 
observe that Uoi,^ TiYn, V a2 ) is closed under taking inverse and composition as a subset of 
Uij T(Ui, Uj). Hence by Proposition 2.1.1 in [3], it together with the atlas of local charts 
{{V a , Gy a , 7i"o-)} defines an orbispace structure on Y. This concludes the proof of (3). 

For (4), in order to show that ({vr°"}, {p TU }) defines a covering map n : Y — > X, it 
suffices to verify (b) of Definition 2.4.2 for it. More concretely, we need to show that for any 
U G {U a }, a connected component of 7r _1 (?7) is of the form V a . Let V be any connected 
component of 7r~ 1 (C7). Then for any y G V, since 7r(y) G £/, there is a y representing y, 
with a canonically constructed neighborhood V CTy satisfying V a = U. Since V Uy is connected 
and 7r(V^ ) = U, we have C V. Hence V = \J y ^yV c . On the other hand, it is easy to 
see that if V a and V T have non-empty intersection and Tr(V a ) = n(V T ), then V a = V T . Hence 
V = V ay for any y <EV, and (b) is verified. 

For (5), we first show that H C Il*(iri(Y, q)). Let u be any loop in X whose homotopy 
class lies in H. We represent it by a homomorphism G 0^ jt y, : r{/j} — > r{£/j/}, 
< i < n. For each i — 1, • • • , n, we pick a tj G fl Jj and let Tj be the restriction of on 
[t,ti]. We let be the component of 7r~ 1 (f/j) that contains [t^h G F, denote by Zi G a 
point satisfying n ai (zi) = [ t i\h, and denote by 7 2i a path in that connects &i to Zj. Then 
there exist gi G G^, i — 1, • • • ,n, such that the composition of r, with v(cri# i y Zi ) through 
5io£j(j_i) defines a loop whose homotopy class lies in f/\ This implies that <?io£ 10 G T(V r D , V^-J, 
<?i o o gr"^ g T(K- i _ 1 , K-J for i > 2. Note that because the homotopy class of the loop 

u lies in H, V an = V Q and g n may be taken to be 1 G G^. Thus according to Lemma 2.4.4, 
the loop u can be lifted to a loop in (Y,q). Hence H C n*(7Ti(Y, 5)). It remains to show 
that n*(7Ti(y, g)) C if. Given any r G C^j, « = 0, 1, • • • , n, where 77^ G T(V ai , V aj ) such 
that the equivalence class [r] G [(S 1 , *); (Y, 5)]. Then there are, for i = 0, • • • , n — 1, points 

3i G Domain ^ = and paths 7 2i in V^, 7^ in which connect 0^, 

0j + i to 2j, z[ respectively, such that the composition of 0«#7 2l with ^(0«+i#7 2 ') through 
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V(i+i)i defines a loop whose homotopy class is an element hi G H . By the semi-locally 1- 
connectedness of X and the path-connectedness of each Domain ((j> V(i+1)i ) , we see that Ilo [r] 
is a loop whose homotopy class equals h ■ ■ • h n -i G H. Hence U*(iri(Y, q)) C H. 

□ 

We shall derive a short exact sequence, which relates the 7Ti of an orbispace with the group 
of deck transformations of its universal covering, whose existence was established in the 
preceding proposition. By definition, a deck transformation of a covering space n : Y — > X 
is an isomorphism of orbispaces $ : Y — > Y such that II o $ = II. The group of deck 
transformations of II : Y — > X is denoted by Deck (II). 

Let IT : (Y, g) — > (X,p) be a covering map with a representative ({tTq}, {p/3«}) fixed 
throughout. For each a, we set K Ua = {g G | 5 • x = x, \/x G C/ a }. We consider 

(2.4.6) K u = {{g a } \ g a G K Ua and P/?Q (£) = ^ o P/3a (f ) ° ff" 1 V£ G T(K, V»}, 
which is a group under the multiplication {g a }{h a } = {g a h a }. The subgroup 

(2.4.7) C n = {{g a } eK u \g a e Pa (G Va )} 

is contained in the center of Ku, hence is a normal subgroup of Ku- 

Let p and q be the constant map from / into p and q respectively. For any g G Ku o , 
h G K Vo , we set [#] = [{p,g)\ G 7n(X,p), [/i] = [(q,h)} G 7n(Y,g). Clearly II*([/i]) = [ Po {h)\. 
For any {g a } G Xti, we observe that [g ] actually lies in the center of IL*(tti(Y, q)) in ni(X,p), 
where g Q is the component of {g a } corresponding to U . To see this, let u G iri(Y,q) be an 
element which is represented by G O^y, < i < n. Then II* (u) is represented by 
{■Ri o 7i } G and [# ] _1 #II*(u)#[# ] is represented by o 7J G {r , ji} , where 

Vw = Pio(fio) = Pji(Oi) for 2 < j < n - 1, and ?7„( n -i) = g^ 1 o /O n (n-i)(Cn(n-i))- 

Observe that if we let gi be the component of {g a } corresponding to Ui, then Pji{C,ji) = 
9j PjMji) 5^ are satisfied, which imply that 1 o 7710 = Pio(6o), fi^ 1 ^ ^ = 
for 2 < j < n - 1, and r/ n(n _i) o g n = p n (n-i)(£n(n-i))- In other words, ({7^ o 7J, {77^}) is 
conjugate to {{n°li},{Pjii^n)})- Hence [ff ] -1 #n*(u)#[^ ] = 11* (it). 
Thus there is a homomorphism 

(2.4.8) : Xn/Cfi - AWtt^Y, g^/U^Y, g)), 

induced by {g a } \— > [(? ], where -/V(n*(7ri(Y, 9))) is the normalizer of n*(7Ti(Y, q)) in 7Ti(X,p). 
Note that S pg is injective when Y is connected. This is because for any {g a } G Ku, g G 
p (GyJ implies # Q G p a (G Va ) by = 9p 0Sa(O v £ G T (^*> ^9) in (2-4.6), and by 

the connectedness of Y. 

Proposition 2.4.8 LetU : (Y,q) — > (X,p) be a connected, locally path- connected covering 
space of X . Set H = II*(7ri(Y, q)) and denote by N(H) the normalizer of H in 7Ti(X,p). 
Then there is a homomorphism Q PA : N{H)/H — > Deck (II), such that E PtQ and 9 Pig fit into 
a short exact sequence 

(2.4.9) 1 -> Ku/Cu ^ N{H)/H ^4 DecA; (n) -> I. 

Moreover, if TI : (Y,q) — > (X, p), IT' : (Y 7 , g') — > (X' ,pf) are connected, locally path- connected 
covering spaces, where n*(7r 1 (Y, q)), H^tt^Y', q')) are normal subgroups, and there are maps 5 

5 here "3/ are general maps, i.e., not in the restricted class specified by Convention in Introduction. 
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$ : (X,p) -> (X',pT), * : -> (YW) snc/i ^ IT o V = $ o n, toen we /iawe 

(2.4.10) * o e p ,,(z) = O^z') oV,\/ze n 1 (X,p)/U,(n 1 (Y, q)), 

where in (2.4.10), z' is the image of z in ni(X\ pj /Y1^(tti(Y' , cf)) under and^I is regarded 
as an element of [Y; Y'\. 

Proof Let u be a loop in (X,p) such that its homotopy class [u] G N(H). By Lemma 2.4.4, 
we associate u with a pair (V a t u -\,5(u)), where V a t u ) is a connected component of 7r~ 1 (?7 ) 
and 5(u) is a left coset in Guj Pa(u)(Gv a r u) ), such that for any chosen representative g of 
5(u), there is a unique path ^(w) 9 G P(Y,q,q(g)) satisfying Uo£(u) g — g-u. We consider the 
covering maps U.^ = II : (Y,q) — > (-X",p) and : (Y,q(g)) — > (X,p_). The assumption that 
[u] G iV(iJ) implies that I\£\in(Y, q)) = ni 2) (ir^Y, q(g))) in 7TipT,p). Hence by Lemma 
2.4.6, there is a unique map : (Y,q) — > (Y, g(g)) such that n( 2 ) o $ u = U.^. If we pick 
a different representative g' of where g' = p a ^(h)g for some h G GV , then q(g) 
is changed to (?(</) = h ■ q(g). This implies that the corresponding map $ u : Y — > F is 
independent of the choice of the representative g. As for the dependence on ({7r Q }, {p,<3a}), 
we go back to the proof of Lemma 2.4.4 and observe that in the construction of 1(a), if 
we change ({^a}, {P/3a}) by conjugation, then the set {gi} in (2.4.1) will change accordingly 
such that overall, the orbit of q'(g) under the action of Gy, . remains the same. On the 
other hand, by Remark 2.4.3 (1), two different choices of ({7i a }, {ppa}) differ essentially 
by a conjugation after we replace a by an appropriate induced one. Hence : Y — > Y 
is also independent of the choice on ({7r a }, {ppa})- It is obvious that $ u depends only 
on the class of [u] in N(H)/H, and is a deck transformation of n : Y — > X. The map 
Q P)Q : N(H)/H -> Deck (n) is defined by [u\ h-> $ u . 

In order to verify (2.4.10), we pick representatives a, r for $ and \& respectively, and fix 
(Ua}, {p/3a}), ({<«/}, {p^w}) for II, n', such that 

(2-4.11) a o (K), {p Pa }) = ({<,}, {p^,}) o r. 

Given any z G 7ii(X,p)/U if (iii(Y,q)), we represent 2 by a loop u in (X,p). We pick a 
representative g of <5(w) (w.r.t ({vTq,}, {p/3 Q })), and then use a to determine a representative 
g' of 5($o-u) (w.r.t ({n' a /}, {p'p' a '})), such that r preserves q(g) and </((/) (because of (2.4.11)). 
Now we consider the problem of factoring the map $ o n : (Y,q) — > (X',pT) through the 
covering map {Y',q'(g')) — > (X',p r ). There are apparently two solutions: \& o O pq (z) and 
®p',q'{ z ') ° ^ (in their appropriate based versions). By the uniqueness in Lemma 2.4.6, these 
two solutions must be the same. Hence (2.4.10). 

Next we verify that Q PtQ is a homomorphism. Let ui,U2 be two loops in (X,p) such that 
both [ui] : [u 2 ] G N(H). We pick representatives g\ of 5(ui), g 2 of S(u 2 ), and g of 5(ui#u 2 ). 
Then by the uniqueness of path-lifting in Lemma 2.4.4, the following holds for the based 
version e p ,,([ui]) : (F,g, g(^ 2 )) -»■ (^, q(gi), q(g)), 

(2.4.12) ^(«i) 9 i#(e Pl ,([«i]) o £(u 2 ) g2 ) = £( Ul #u 2 ) g . 

In particular, there is a based version 



(2.4.13) 



e p , q ([ Ul ]):(Y,q(g 2 ))^(Y,q(g)). 
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Now by the uniqueness in Lemma 2.4.6, the composition of Q p , q ([u 2 ]) : (Y,q) — > (Y,q(g 2 )) 
with (2.4.13) must be equal to p , g ([iii#ti2]) : (Y,q) — > (Y, g(g)). The corresponding maps 
satisfy 

(2.4.14) e M (K# tt2 ]) = e M (K]) o e Pi ,(H), 

which shows that P)9 is a homomorphism. 6 

It remains to verify (2.4.9). As for the surjectivity of p ,q, given any $ G Deck (II), we 
take a path u G -P(Y, q') where q' is the image of q under a choice of based versions of $. 
Then II o u determines a loop v in (X, p) , and 

(2.4.15) n,(7n(y,g)) = n^y,^) = n,(i/(«),(7n(y,g))) = H" 1 • n^yg)) • H, 

which implies that [i>] G N(H). The uniqueness in Lemma 2.4.6 then asserts that p , 9 ([f]) = 
$. Hence P)9 is surjective. 

Finally, we determine the kernel of Pi9 . Suppose © P , g ([w]) = 1 for some loop u in (X,p). 
Then from the construction in Lemma 2.4.6 and by the definition of Pig above, we see that 
6p, g ([ii]) is defined by £(({ir a }, {p/3 a })) as constructed in Lemma 2.4.6, where there exists 
a set {g a | g a G G Ua }, such that £(({7v a }, {pp a })) = ({fa}, {Vp a }) ■ ^{V a } -> T{V a } with 
fa = i^a 1 °g a ° 7r a , 7]^ a (0 = P~pl(9p ° P/3a(0 ° 9a 1 ) ■ Moreover, a different choice of {g a } has 
the form {p a (h a )g a } f° r some h a G Gy a . Now the assumption P)9 ([w]) = 1 implies that 
£(({ 7r a},{p0a})) is conjugate to the identity, and because of this, we can actually choose a 
set {g a } such that £(({7i a }, {ppa})) is the identity. It then follows easily that {g a } G K n . 
Furthermore, one is ready to check that u#(p, g^ 1 ), where g Q is the component of {g a } that 
corresponds to U Q , can be lifted to a loop in (Y,q), hence [u] = [g ] mod n*(7Ti(y, q)). This 
exactly means that ker Q p q C Im It remains to show that Im E p<q C ker P 9 , so that 
ker 6 Pi9 = Im S Pi9 and (2.4.9) is verified. To this end, let {g a } G Ku be any element, we 
consider p , g ([ii]) where [u] = [g ]. It is clear that the component V a ( u \ associated to u is V a , 
and g Q can be chosen to serve as a representative g of 5(u). With g = g Q , we see that q(g) in 
the definition of P , g ([w]) is actually q since g Q G i^[/ - By the uniqueness in Lemma 2.4.6, 
we conclude that p , g ([w]) is the identity map. Hence Im S Pi? C ker P 9 , and the proof of 
Proposition 2.4.8 is completed. 

□ 

Proof of Lemma 2.4.1 

The 'only if part follows from the fact that (2.2.10) is natural with respect to (/, A). We 
shall prove the 'if part next. 

First of all, we observe that for any global quotient X = Y/G, there is a natural covering 
map n : Y -> X defined by (Id, 1) : (Y, {1}) -> (Y, G), with the orbit map tt : Y -> Y/G = X 
being the induced map between underlying spaces. Moreover, for any base-point structure 
o = (o,U ,o), the injective homomorphism n* : ni(Y, 6) — > 7Ti(X, o) coincides with the one 
in (2.2.10). 

To define the map / : Y — > Y', we denote n' : Y' — > X' the canonical covering map for 
X'. Then the assumption for the "if" part of the lemma can be rephrased as that there are 
base-point structures o, (/, such that ($ o n)*(7Ti(Y, 6)) C n^(7Ti(Y / , 6')). By Lemma 2.4.6, 
there is a unique map / : (Y, 6) — > (Y', 6') such that $ o n = n' o /. 



'note that <d p , q induces a left-action of N(H)/H on Y. 
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As for the homomorphism A : G — > G', we observe that tti(X,o) — > G in (2.2.10) is 
surjective since F is path-connected, hence by the assumption that $*(7Ti(F, 6)) C 7Ti(F', 6'), 
induces a homomorphism A : G — > G'. 

It is easily seen that the action of 7Ti(X, o)/tti(Y, 6) on F through deck transformations 
coincides with the action of G on F under the isomorphism ni(X, o)/tti(Y, o) = G given by 
(2.2.10). Hence / is A-equivariant by virtue of (2.4.10). Note that here we need not to assume 
that Y' is connected, locally path-connected because the action of ni(X', c/)/7ri(Y', 6') on Y' 
through deck transformations is given a priori by the homomorphism tti(X', c/)/7Ti(F', 6') — > 
G' in (2.2.10) and the action G' on F'. 

It remains to show that $ is defined by (/, A). To this end, we first observe that an induced 
homomorphism ({/J, {X ba }) : T{U a } -> of (/, A) has the form f a = S^ 1 o /|— 

and \ba(g) = S^ 1 \(g)5 a for a set {5 a G G'}, where each L/ a is an open subset of F, and 
g G T(U a , U b ) C G. Secondly, we observe that a more concrete description of a representative 
of the canonical covering map n : F — > X, which is induced by (id, 1) : (F, {1}) — > (F, G), 
may be given as 

(2-4.16) ({V a ,i\i G 4}, {[/„}, {(TTo.i, Jo,i)}, {P(M(a,)}), 

where (1) {t/ a } is a cover of X, (2) for each a, {F aj j|? G J a } is the set of connected components 
of 7i~ l {U a ) in F, with F aiio taken to be U a for some index i , (3) 7r a j : V a>i — >■ C/ a is the 
homeomorphism induced by an element 5 a ,i G G, and (4) for any V a ^, V b j with Va^nVbj ^ 0, 
there is a set {P( 6j \( a ^ G T(C/ a , labeled by the set of components of V ati fl V b j, denoted 
by {s}, where each p s / b j)Ui) = h,j^a} e C For simplicity, we shall require <5 aj j = 1 for each 
index a without loss of generality. 

Now according to the construction in Lemma 2.4.6, the map / : (F, o) — > (F', 6') is defined 
as follows. First of all, we fix a representative k' of II' : (F', 6') — > (X', o') as described in 

(2.4.16) . Then we can choose a representative k for II : (F, 6) — > (X, o) as in (2.4.16), and a 
representative a of $ : (X, o) — > (X',o r ), such that a o k can be lifted by to F', which is 
defined to be /. In particular, aon — k! o f . To fix the notations, we write a = {{f a }, {X ba })- 
We denote the component of (tt') - 1 (f/^) that contains f(V a j) by V' ai for any V a ^, and denote 

by S' ai the element of G' that induces the homeomorphism n' ai : V ai — > Note that V^ io , 

which is the component containing /(V^^) = f(U a ), is not necessarily 

With these notational conventions understood, we can easily see that f a = 5' a io o f\-^~ as 
a consequence of a o k = k' o f and the assumption 5 a ^ io = 1. We set 5 a = (<% io ) -1 - Then to 
show that a is induced by (/, A), we only need to check 

(2.4.17) X ba (g) — 5 b 1 X(g)5 a . 

It suffices to check (2.4.17) for two special cases: (a) g = pl b ,j)( a ,i) f° r an Y indexes % G I a , j G h, 
and (b) the indexes a = b and g G Gu a . 

For case (a) where g = p\ h j){ai) f° r some indexes i G I a ,j G I b , we shall prove the 
relation (S' a io ) _1 5' a i = X(5 a>i ) for any index a and i G I a , which implies case (a) because 
P(b,j)(a,i) = 6 bj$a,l and X ba (p s {bJ){a i) ) = S'^iS'^)- 1 as a consequence of a o « = «' o /. To see 
(^Mo)~ 1( ^,i = A(5 a ,i), we pick paths 70, 7 in F satisfying 7 (0) = 7(0) = 6, 70(1) G U a , and 
7(1) G with 70(1) = 5 a> i-7(l). Then K070 may compose with 1/(^07) to define a loop w in 
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(X, o). The lifting of u to (Y, o) by k is easily seen to be the path 7o#z / ( ( ^M°7) whose terminal 
point is 5 a>i • 6. Hence the image of [u] under the homomorphism ni(X,o) — > G in (2.2.10) is 
5 a j. On the other hand, the push-forward aou is lifted to (/ 7o)# z/ ((^ai )~ 1 ^ai {f by 
whose terminal point is {S' ai )~ 1 S' ai ■ b' . Hence the image of <£>*([«]) under 7ri(X', c/) — > G' 
in (2.2.10) is (5^)-%,. This gives (<^ )-% = X(5 a , t ) by the definition of A. 

For case (b) where the indexes a = b and g G Gjj a , we pick a path 7 in Y with 70 (0) = 6, 
7o(l) G t/a, and pick a path 7 in U a connecting 7o(l) to g ■ 7o(l). Note that if we set 
x = 7r(7o(l)), x = (x, U a , 7o(l)), then (7,(7) defines a loop v in (X, x) by Lemma 2.2.2. We 
set u = (ko7o)#^#K ko 7o)> which is a loop in Q(X,o). The lifting of uby k is 7o#7#Ks , °7o)> 
whose terminal point is (? • 6. Hence the image of [u] under the homomorphism 7Ti (X, o) — > G 
in (2.2.10) is g. On the other hand, the push-forward a o u is lifted by k' to the path 
£(ao U ) = (fo lo )^ 1 '^u(Ad((5' aio )- l )(X a (g))o(fo lo )) for some path 7' connecting /(7o(l)) to 
M«J _1 )(A«(s))-/(7b(l)). The terminal point of £(ao M ) is M^)" 1 )^)) which 
implies that the image of $*([«]) under tt^X',^) -> G" in (2.2.10) is Ad((<% |io ) _1 )(A a (0)). 
Hence A(g) = j o ) _1 )(A a (<7)), from which (2.4.17) for case (b) can be easily deduced. 

□ 



3. An analog of CW-complex theory 



3.1 Construction of mapping cylinders 

In this subsection we extend the mapping cylinder construction in the ordinary homotopy 
theory (cf. e.g. [14]) to the orbispace category. Recall that for any map / : Y — > X 
between topological spaces, the mapping cylinder of /, denoted by Mf, is the topological 
space obtained by identifying (y, 1) with f(y) in the disjoint union Y x I\JX for all y G Y. 
We set [y,t] for the image of (y, t) G Y x I\JX in Mf. There are embeddings i : Y — > Mf, 
j : X — > M/ given by i(y) = [y, 0] and j(x) = x, realizing F, X as subspaces of M/. The 
space X is a strong deformation retract of Mf, with the canonical retraction r : Mf — > X 
where r([y, £]) = f(y) and r(x) = x. The homotopy H : Mj x [0, 1] — > My between j o r and 
Id,M f is given by ([2/, t], s) = [y, 1 — (1 — i)s] and i/(x, s) = x. Finally, given any homotopy 
F : Y x [0, 1] — > X between /i,/2 : V — > X, there are canonical maps : — > Mf 2 , 
ipp : Mf 2 — > Mf x , such that ipp o <p F and (ftp o ifj F are canonically homotopic to Ic? M/i and 
Mm, respectively, relative to X and Y. For instance, we may define <f>F,ipF by 



(3.1.1) ^'^ = \F(y,2-2t) I < t < 1 ^'*]) = \F(y,2t-l) §<*<! 
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The canonical homotopy between ip F o (p F and Id Mh may be taken to be H : Mf t x [0, 1] 
Mf x where 

f [y,(A-3s)t], <t<^ 
F(y,(A-3s)t-l), jk- s <t<^t s 



[ F(y,§(4-3s)(l-*)), 



(3.1.2) #(M, S ) = 

H(x, s) = x. 

In the same vein, we obtain the canonical homotopy between ipp ° and Id,M f2 - 
We derive two technical lemmas first. 

Lemma 3.1.1 Let $ : X — > X' &e a map, where X' = Y'/G' is a global quotient, 
and X is connected, locally path- connected and semi-locally 1-connected. Then there exists 
a connected, locally path- connected space Y with a discrete group action of G, such that 
X = Y/G. Moreover, $ : X — > X' is represented by a pair (/, A) : (Y, G) — > (Y', G") where 
f is \-equivariant. Such a (Y,G) is uniquely determined up to an isomorphism, and (/, A) 
is unique up to conjugation by an element g G G' , i.e., (f, A) i— > (g o /, o A). 

Proof We take a based version of $ with respect to some base-point structures o, d_ of X, 
X' respectively. Since X is connected, locally path-connected and semi-locally 1-connected, 
there is a covering space II : (Y,q) — > (X, o) such that n*(7Ti(Y, g)) = (<&*) -1 (7Ti(Y', 6')) by 
Proposition 2.4.7. Moreover, by Lemma 2.4.6, there is a map ^ : (Y, q) — > (Y', 6') satisfying 
$oII = II'o$, where IT' : (Y', 6') — > (X', (/) is the canonical covering map associated to the 
global quotient X' = Y'/G". 

Now recall that $ satisfies the assumption in Convention in Introduction, so does the 
map \& : (Y, q) — > (Y', 6'). This implies that Y is actually a topological space. We rename \l/ 
by /, and set G = Tr 1 (X,o)/U^(7r 1 (Y : q)). Then G acts on Y through deck transformations, 
and there is an injective homomorphism A : G — > G' such that / : Y — > Y' is A-equivariant. 

We next verify that X is isomorphic to the global quotient Y/G and II : Y — > X is 
isomorphic to the canonical covering map. To this end, we pick a representative of II : 
(Y, q) — > (X, o), which can be described in the following form: 

(3-1.3) ({V a ,i\i e /«}, {U a }, K,}, {p^ )((M) }), 

where (1) {U a } is a cover of X by local charts, (2) for each index a, {V a ^\i G I a } is the set 
of connected components of 7r _1 ([/ a ) C Y, (3) each : V^j — >■ U a is a homeomorphism, 
(4) for any V a>i ,Vpj with fl Vpj ^ 0, there is a set G T(U a ,Up)} labeled by 

the set {V^j^j)} of connected components of V a ^ fl V^,-, such that the following equations 
are satisfied, 

(3.1.4) -Kpj = P(pj){a,i) ° n a,i On Vj^iXftj)) and p\ 1} k)(l3,j) ° P(^J)(a,i)( 7r a,i( a )) = P( 7 ,ifc)(a,j) > 

where a is any connected component of V^ ^^^ fl V(/3j)( 7) fc) that is contained in V^^ ^. 

We claim: (1) Set G a;i = {g G G \ g • V a>i = V a ^}, then there is an isomorphism \ ai : 
G a ,i — > GV a such that 7r a; j is A ai j-equivariant. (2) For any V a ^,V a j, there is a g^ G G 
satisfying 7r ai j o ^ = 7r a; j and gjr* = g%j9fi- To sketch a proof, we pick, for each V a ^, a path 
7° in Y satisfying 7° (0) = g, 7f(l) G V^j and 7r Q , )i (7f (1)) = 7r aj -(7"(l)). We introduce 
base-point structures x a = (x a ,U a ,x a ) where x a = 7r(7f(l)), x a = 7r a j(7f(l)), and denote 
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by 7i Q the push-down path II o 7° G P(X,o, x a ). Then the isomorphism \ a i : G a>i — ■> Gj^ 
is defined as follows. For any <? G Gu a , we pick a path 7 in C/ a connecting x a to g • x a , 
and denote by 7 9 the loop in (X,x a ) defined by (7,(7). The inverse of A Q; j is defined by 
sending (7 to the image of [7i a #7 g #^(7i a )] G tti(X,o) under the homomorphism tti(X,o) — > 
G = 7Ti(X, o)/n*(7Ti(y, 5)). As for the set of elements {g 1 ^}, we define to be the image 
of Yfj a H z ^(ji a )} G 7Ti(X, o) under the homomorphism 7Ti(X, o) — > G. With these definitions, 
the verification of the claim is straightforward, hence we leave it to the reader. 

For each a, we fix an index iq G I a , and set W a = V a j /G aj i . Then an isomorphism 
between X and Y/G is defined by a = ({tt~] }, {v/3a}) '■ r{C/ a } — > r{lY Q }, where 77^0, is the 
mapping uniquely determined by the conditions r) aa = A~] and ^(p^^j)) = gj oj gf io - 
Under this isomorphism, the covering map II : Y — > X is isomorphic to the canonical one 
associated to the global quotient Y/G. 

Finally, by Lemma 2.4.1, $ : X -> X' is represented by (/, A) : (Y, G) -> (Y',G'). By 
Lemma 3.1.2 in [3], (/, A) is uniquely determined up to conjugation. To see that (Y, G) 
is uniquely determined up to an isomorphism, we simply observe that the injectivity of 
A : G — > G' implies vr 1 (Y, 6) = ($ ilI ) _1 (7r 1 (Y / , o')) for appropriate base-point structures o, d_ 
of X, X' . In other words, 7Ti(Y, 6) is uniquely determined, hence so is the covering space Y 
up to an isomorphism by Lemma 2.4.6. 

□ 

Let Y be a locally path-connected, semi-locally 1-connected orbispace. For any map $ : 
Y — > X, we consider the set V($) of connected open subsets V of Y such that Y C _1 (i7), 
where : Y — > X is the induced map of $ between underlying spaces, and U G W is a local 
chart on X. We apply the preceding lemma to $|y : Y — > [/, so that for each V G V($), 
there is a (Y, G y ) such that the subspace V is isomorphic to the global quotient V /G v , under 
which $|y is represented by a pair (/y, Ay) : (Y, G v ) — > (U, Gu) where fy is Ay-equivariant. 
Set tt v : Y — > V/G v = V. We remark that 

(1) (V,G V ,ir v ) depends only on V. This is because, as we have seen in the proof of 
Lemma 3.1.1, the isomorphism class of (V,G V ) is determined by ($|y)^ 1 (7r 1 ([/)), 
and on the other hand, for any U 1 C U 2 , (^v)* 1 (ni(Ui)) = (^{v)* 1 (^1(^2)) ■ The 
last identity follows from the fact that the inclusion U\ C U 2 induces an injective 
homomorphism from G Vl to G U2 so that by (2.2.10), the inverse image of TTi(U 2 ) is 
ni(Ui) under iii(Ui) -> 7Ti(C/ 2 ). 

(2) If V 1 ,V 2 GV($) such that Yi C Y 2 , then (V^ G Vl , ir Vl ) is isomorphic to an induced 
one from (Y2, G^ 2 , tt V2 ). This is because if we denote by / : V\ — > Y2 the inclusion as 
a subspace, then $|y = $|y 2 of, and hence^/" 1 o (^^^(^(U)) = (^|vi)7 1 ( 7I "i(^)) 
where Y C Y 2 C _1 (C/), so that /"ViO^)) = 7n(Yi) under J. jjn(Vi) -> 7n(Y 2 ). 
By Lemma 2.4.1, / is represented by a pair (/, A) : (Yi,G yi ) — > (Y 2 ,G V2 ) where A is 
injective and / is a A-equivariant open embedding. 

(3) When Y is a local chart on Y such that $|y is represented by a pair (/, p) : (Y, Gy) — > 
(U,Gjj), then (Y,Gy, 7ry) is isomorphic to (V,G V , ir v ). For instance, suppose $ is 
represented by ({/<*}, {p/3»}) : r{Y a } — > r{C/ a '}, then if a local chart Y C Y Q for 
some index a, then Y G V($) and (Y, Gy, 7Ty) is isomorphic to (Y, G y , 7r y ). 
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Lemma 3.1.2 There is a set T($) = {T(V 1 ,V 2 ) | V 1 ,V 2 G V($), s.t. V 1 DV 2 ^ 0} ; 
which together with the atlas of local charts {(V, G v , n v ) \ V G V($)} defines an orbispace 
structure on Y that is equivalent to the original one. Moreover, given any cover {V a } C 
V($) of Y, where V a C for some local chart U a on X, there is a homomorphism 

{{fa}, {^/3a}) '■ r{14j — > T{U a } whose equivalence class is the given map $ ; in which 
(/«,A«) = (fv a ,\vj : (V a ,G Va ) -> g.GpJ. 

Proof For any V G V($), the subspace structure of V C Y is given by an atlas of local 
charts N(V) = {(W,G w ,n w )} and a set T(V) = {T(W 1 ,W 2 )}, where If C F is a local 
chart on Y. Since the subspace V is isomorphic to V/G v , we may further require that for 
each W G Af(V), W G V($) and (W, G w , ir w ) = (W,G w ,ir w ). Moreover, a set T(W, V) 
is defined, such that each £ G T(lf, V) is associated with a (0£, \) : (If, GV) — ► (V, G v ) 
where A^ is injective and <fi^ is a A^-equivariant open embedding, and for any g G G v , 
5 o £ g T(W, f ) and (0 so5 , A so? ) = (0„ A%)) o (0 5 , A 5 ). 

Let Vi, f 2 G V($) such that 14 n V 2 ^ 0. The set T(V U V 2 ) is defined as follows. First of 
all, let V be any connected component of Vi H f 2 , and W G jV(Vi) rW(f 2 ), If <ZV. Lb each 
(6,6) e Vi) x T(W,V 2 ), we assign a pair X ^(6,6) = (£A), where / : Z 1 - Z 2 is a 
homeomorphism from a connected component of (7r Vl )^ 1 (l / ) C Vi to a connected component 
of (7r y2 )~ 1 (l / ) C V 2 satisfying n Vl = n V2 o /, and A : — > Gj 2 is an isomorphism from the 

subgroup of G Vl fixing Z\ to the subgroup of G v ' 2 fixing Z 2 , such that / is A-equivariant. To 
this end, for % — 1, 2, we let Zj be the connected component of (7r y< ) _1 (V) C that contains 
Range (0^). Suppose V C _1 (t/) for some local chart U on X. We pick base-point 
structures q = (q, W, q) and p = (p, U,p) such that $ : (Y,q) — > (X, p). Now for i = 1, 2 we 

set qi = (f>^(q), and denote by IL : (Z iy qi) — > (V, q) the canonical covering map associated to 
the isomorphism V = ZijG^ which is defined by <p^ at the base-point structures. Then we 
have (ni),(7ri(Ji,gi)H (^\v)^MU,p)) = (n 2 ),(7n(Z 2 , q 2 )) in iti{V,q). By Lemma 2.4.6, 
there is a unique / : (Zi, qi) — > [Z 2 , q 2 ) satisfying IL = U 2 o /. Furthermore, by Proposition 
2.4.8, there is a natural isomorphism A : G^ — > Gg- such that / is A-equivariant. We define 
(£i, 6) — (/) A). It is easy to see that (1) Xy(6, 6) is independent of the choices on U, q 
and p, (2) Xv^(£ii&) — (06>^6) ° A^ 1 ) when restricted to the domain of the latter, 
and (3) x{f(6,6) = xH<?°6, A(<?) °6), V 5 G G^. 

Secondly, in UweN(Vi)rW(v 2 ),wcv T(W, V\) x T(W, V 2 ) we introduce an equivalence relation 
~ generated as follows: (a) for any (6, 6), (771, 772) G T(W, Vi) x T'(W, V 2 ), (6, 6) ~ (771, r) 2 ) 
if 771 = g o£,i, rj 2 = \{g) o£ 2 for some (7 G Domain (A), where A is given in Xv (£i> £2) — (/, A), 
and (b) for any (6,6) G V x ) x T(W,y 2 ), (771,773) G T{W',V X ) x T(W, f 2 ) where 

C If, (£i,£ 2 ) ~ (vi,V2) if ?7i = £1 e, 772 = £ 2 e for some e G T(W , If ). We define 
?V(fi,f 2 ) = Uwe^rWiv^wcvTiW^i) x T(W,V 2 )/ ~, and for each £ = [(&,&)] where 
(6,6) e T(Lf,fi) x T(lf,f 2 ), define (0 f , A f ) = x^(6,6)- 

Finally, we let T(Vi, V 2 ) be the disjoint union of TyiVi, V 2 ) for all components V of Viflfj. 
Note that with this definition, T(V, V), Vf G V($), is naturally identified with G y . 

The composition is defined as follows. Let £ G T(f 1 ,V 2 ), 77 G T(V2,f 3 ), and x G 
^^(Domain (0„)). We pick a If G jV(Vi) n M(V 2 ) n A/"(f 3 ) such that tt Vi (x) G If. Then 
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we can write f = [(£1,6)] for some (£1,6) E T(W, Vi) x T(W, V2), 77 = [(772,^3)] for some 
(^2,%) G ^(W 7 , V2) x T(iy, V3) such that Range (0 ?2 ) = Range (0^ 2 ). The last condition 
allows us to modify (£1,62) without changing its class [(^1^2)] but to further satisfy £ 2 = V2- 
With these arranged, we define 77 o = [(£1,773)]- As for the inverse, we simply define 

r x = [(6, 6)] = 6)]. 

The verification that V($) = {(V, G y , tt v )}, T($) = {T(T4, V2)} satisfy the conditions 
in Proposition 2.1.1 of [3] is straightforward, which is left to the reader. Thus they define 
an orbispace structure on Y by Proposition 2.1.1 of [3], which is clearly 'equivalent' to the 
original one on Y in the sense of Remark 2.1.2 (5) in [3]. 

Finally, given any cover {V a } C V($) of Y, where V a C _1 (t/ a ) for some local chart U a 
on X, the existence of a homomorphism ({/«}, {^p a }) '■ ^{V a } — > T{U a }, whose equivalence 
class is the given map $ and in which (/ a ,A Q ) = (fv a Av a ) ■ (V a ,G Va ) -> (U a ,G Ua ), is the 
content of Lemma 3.1.3 in [3]. 

□ 

Let r° be an orbispace structure on X, which is given by the data {(C/°, G^., 71^.)} and 
T° = {T°(Ui,Uj)} as described in Proposition 2.1.1 of [3]. Suppose for each U i: there is a 
triple (Ui,Gui,^Ui), where C/j is not connected in general, such that '■ U% — > C/j induces a 
homeomorphism Ui/Gjj, — Ui, and (C/°, G[y., 71$.) is obtained from (Ui, G\j^ iiuj by restricting 
to a connected component £7° of Ui. Then there is canonically an orbispace structure T on 
X, with r° C T being an equivalence, and {(Ui, Gu t ,^Ui)} being the atlas of local charts. As 
for the set T = {T(U U Uj)} of T, each T(U h Uj) is the orbit space of G Vi x T°(U h Uj) x G Vj 
modulo the action h ■ (<?i, £0, <?.?) — (hgi,£o, ^ (h)gj), V7i e Domain (0^ o ). (It is instructive 
to think (g h f„, g,) as g/ 1 o £ o 

Moreover, suppose ({/„}, {p° a }) : r {^ Q } - ► is a homomorphism of groupoids, 

where each p° : G^ a — > G^ is assumed to be injective. Then by replacing T with V on X, 
we may canonically replace ({/„}, {p° a }) with a homomorphism ({/<*}, {P/3a}) : r{i7 Q } — ► 
r{^Q'} such that (1) each p a : G{/ Q — > G^ is isomorphic, and (2) fa,P$ a are obtained by 
restricting f a ,Pp a to U^,T (U a) Up) respectively. It is done as follows. We define C/ Q = 
(G^ x U®)/Gij a where the action is given by g° ■ (g',x) = (g 1 p^g ) -1 , g° • x), we define 
Gjj a = Gu> a with a left action on U a induced by g ■ (g',x) = (gg',x), and we define iru a : 
U a -> U a by [((?', x)] ^ which induces U a /G Ua U a . Note that (l> G° q , tt° J 

is obtained from (U a ,Gu a ,^u a ) under the mapping (x, g°) 1— > ([(1, rr)], p° (g )). The pair of 
maps (/ a , p a ) : (Ua,G Ua ) -> (U a ,G UL ) is defined by / a ([(^, a;)]) = • and p a = Jd. 

Its restriction to (U^G^J is clearly (/°,p°). The mappings pp a : T(U a ,Up) -> T(U' a ,U'p) 
are defined by pp^gp 1 ° £0 &*) = P/^fiV?)" 1 pJL(£o) Pa(s'a) = fi^ 1 pjL(fo) ft*, which 
clearly satisfy P/3 a \T°(u a ,u ) — P% a - One can check directly that ({/«}, {P/3»}) is indeed a 
homomorphism. We leave the details to the reader. 

Proof of Proposition 1.5 

By Lemma 3.1.2, we may assume that the original orbispace structure on Y is given by 
(V($), T($)) for simplicity without loss of generality. 
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Let {V a } be the subset of V(<3>) which consists of connected components of 0~ 1 (£7) for all 
local chart U on X. For each index a, we pick a U a such that V a is a component of 0~ 1 (£/ Q ,). 
By Lemma 3.1.2, there is a homomorphism, denoted by ({/°}, {p° a }) : r°{V^,} — > r{{7 a }, 
whose equivalence class is the given map $. We further apply the trick described above to 
replace ({/°}, {p^ a }) by a homomorphism ({/ a }, {P/3o}) : r{V a } -> r{£/ a } SU ch that each p a 
is an isomorphism and ({/°}, {pJg Q }) is the restriction of ({/ a }, {Pfia}) to the sub-groupoid 

l'°{Va}of l {V a }. 

Note that for each index a there may be more than one U such that V a is a connected 
component of 0~ 1 (£7). We shall modify ({f a }, {Pfia}) by adding all such U to {U a } and by 
allowing the V Q 's in {V Q } to repeat. The resulting homomorphism may be expressed as 

(3-1.5) ({V a ,i\i e I a }, {U a }, {f a ,i}, {p mM }) 

where {U a } is the set of local charts on X such that _1 (£/ a ) ^ 0, and e -^a} * s the 

set of connected components of 0~ 1 (£/ a ). Note that V aji , V b j may be identical even if a ^ b. 
Finally, we wish to emphasize that each p( a i ) : Gy a i — > Gy a is an isomorphism. 

With these preparations, we shall construct a canonical orbispace structure on the mapping 
cylinder as follows. 

First of all, we specify the atlas of local charts on M^. Observe that the atlas of local 
charts on X is the disjoint union of {U a } with a set {Ui} where each 0~ 1 (L r i ) = 0. If we 
set 4> a = 0|<£-i({/ a ), then it is readily seen that W = {M^} U {Ui} is a cover of the mapping 
cylinder M^. To each W G W, we assign a (W, G w , n w ) such that n w : W — > induces 
a homeomorphism ly/GV — W as follows. If W = Ui for some index i, we simply put 
(W, Gw, t^w) — (U i) Gjj i ,'Ku i ). If W — M^ a for some index a, we define W = Mf a , where 
f a = YA i£la f a ,i : Uieia V a,i -> f^a (cf. (3.1.5)), and define GV = G[/ a with the action on W given 
by the extension of the one on U a by g ■ [y, t] = -y,t],Vge G Ua , [y, t] G M fa i C W, 

and define ir w by [y,t] ^ [n Va .(y), t], V[y, t] G M fa . and x i-> n Ua (x),Vx G C/ a . 

Secondly, we define the set T = {T(Wi,W 2 ) | Wi,W 2 G W, s.t. W 1 (~)W 2 ^ 0}. We 
first look at the most complicated case where W\ = M^ a , W 2 = M ( j >b for some indexes a, b. 
In this case it is important to observe that the set of connected components of U a n U b is 
a subset {C/ c | c G C {U a }, and correspondingly the set of connected components of 

W x n W 2 is {W^ c = M^ c I c G 7 , 6 }. As a set, we shall define T Wc {W 1 ,W 2 ) = T Uc {U a ,U b ), 
and define T(W U W 2 ) = \J ce i a , b T Wc (Wi, W 2 ) = U c& i a _ b Tu c (U a ,U b ) = T(U a ,U b ). However, 
each £ G Tw c (Wi,W 2 ) is assigned with a pair (0^, A^) as follows. First, we regard £ G 
Tu c (U a ,U b ) and write £ = £ 2 ° £f 1 for some £1 G T{U c ,U a ), 6 G T(U c ,U b ). Second, set 
{^a I a G %} = G T(y C)S ,K,i) I s e / c ,i £ I a , s.t. P( a ,i)(c,s)(v) = 6}- It is a routine 
exercise to check that (1) both i] a \— > Domain (0^), ^ Q i— > Range (0^ a ) are bijections, and (2) 

Uae/ ei Domain (0^) = \J s ei c Vc,s and U Qe / 5i Range (0^) = /"^Domain (0 6 )) C U ie i a V a ,i- 
It then follows that U ae i ( (f)^ : Use/ C ^c,s ^ J^ 1 (Domain (0^)) is a homeomorphism which 
satisfies /„ o (U Q;6 7 ? ??ct ) = 0^ 2 o / c . We define 0^ x : Mf c — > Mj a to be the corresponding open 
embedding between the mapping cylinders. Clearly the range of 0^ is a connected component 
of 7i w \(W c ), and 0^ is equivariant with respect to : G\j c = Gw c — ► = G^. Similarly, 
one has an open embedding 0^ 2 : Mf c — > M/ 6 which is A^ 2 -equivariant. Finally, we define 
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Ag) = (0£ 2 , A^ 2 ) o (4>£*, A^ 1 ), which is independent of the choices on £1, £ 2 - The definition 
for the remaining cases is obvious, so we leave the details to the reader. 

Finally, the composition and inverse for the elements in T are to be inherited directly 
from those in the orbispace structure on X under the natural identification described above. 
By Proposition 2.1.1 in [3], (W, T) defines an orbispace structure on M^. 

It remains to define the maps of orbispaces i : Y — > M^, j : X — > and r : — > X 
with the claimed properties. First, i : Y — > is defined by the homomorphism 

(3-1.6) ({V 0>i |i £ h}, {M+J, {i a ,i}, { P{b , j){a ,i)}) 

where i a>i : V a ,i — » M/ is y i— > [y, 0]. It realizes Y as a subspace of essentially because 
by Lemma 3.1.2, the orbispace structure given by V($), T(<£>) is equivalent to the original 
one on Y in the sense of Remark 2.1.2 (5) in [3]. Second, j : X — > is defined by 
({ja}, {$/3a}) '■ r{f/ Q } — > {W 7 ^}, which is clearly a subspace, where (a) W a = Ui if U a = Ui, 
W a = if U a = U a , (b) j a = Id if U a = Ui and j a = j a : C4 -> M /o if C/ a = C/ a , and (c) 
each (5,3a is the identity map under the natural identification. 

Last, the retraction r : — > X is defined by ({r a }, {<5/3 Q }) : r{W a } — > r{C/ Q }, where (a) 
C/ Q = E/i if W Q = Ui, U a = U a ifW a = M^, (b) r a = Id if W a = U % and r a = r a : M fa -> t£ is 
the usual retraction if W 7 ^ = M^ a , and (c) each 5^ is the identity map. Clearly r o j = Idx- 
On the other hand, there is a canonical homotopy between j or and Mm^, defined by 
{{H a }, {5p a }) : T{W a x [0, 1]} -> r{C/ Q }, where F Q = Jd if W Q = and F Q is the usual 
homotopy between j a °r a and IdM fa if = M^. Hence j : X — * is a strong deformation 
retract by r : — > X. Finally, we note that $ = r oi. 

□ 

3.2 Orbispaces via attaching cells of isotropy 

In this subsection we apply the mapping cylinder construction in the preceding subsection 
to a special case where Y = S k ~ 1 (G), k > 1, and make the meaning of 'attaching a k-cell 
of isotropy type G to an orbispace' mathematically precise. To this end, we have to impose 
further conditions on both the orbispace X and the attaching map $ : S k ~ 1 (G) — > X, in 
order to deal with two additional issues that are involved in the process. 

The first one is how to construct an orbispace by collapsing a subspace to a point. Suppose 
A C X is a closed, connected subspace of an orbispace X. We denote by X/A the topological 
space obtained by collapsing A in the underlying space of X to a point and by * e X/A the 
image of A under the canonical projection X — > X/A. 

Lemma 3.2.1 Suppose A is further contained in a local chart on X . Then there is a 
canonical orbispace structure on X/A, and a map of orbispaces n : X — > X/A covering the 
canonical projection X — > X/A between the underlying spaces, such that the restriction of it 
to the open subspace X \ A is an isomorphism of orbispaces onto {X/A) \ {*}. 

Proof Let U\ be the set of local charts U on X such that U H A = 0, and U2 be the set of 
local charts U on X such that A C U. By the assumption, U2 7^ 0. 
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We shall define a canonical orbispace structure on X/A, where the atlas of local charts V 
consists of connected open subsets V such that either V E U\ as a subset of X, or V — U/A 
for some U E U 2 . In the former case, we let (V, Gy, ^v) be the one in the orbispace structure 
on X, while in the latter case, we let V be the space obtained by collapsing each connected 
component of 7r^ 1 (A) in U to a point, let Gy = Gjj with the induced action on V", and let 
Tiy '. V — > V be the map induced by 7r v . The set T = {T(V 1: V 2 ) \ V u V 2 E V, s.t. Vy n V 2 ^ 
0} is identical to the one in the orbispace structure on X along with the assignment £ h- > 0^ 
and the composition and inverse, except for the case when £ E Ty (Vi,V2) = Tu(U\,U 2 ), 
where Vi = Ui/A, % — 1,2, and V = U/A, we instead assign £ with 0^, whose domain is 
the space obtained by collapsing each connected component of n^(A) in Domain (0^) to a 
point, whose range is the space obtained by collapsing each connected component of 7i^(A) 
in Range (0^) to a point, and 0^ is the map induced by 0^. It is clear that V, T define an 
orbispace structure on X/A. 

The map n : X — > X/A is defined by ({tTq,}, {5/3 a }) : r{£/ a } — > r{V^}, where (a) {U a } = 
Ui UW 2 , which is a cover of X since A is closed, and {V a } = V, (b) 7r a = Id if C/ Q G ti\, 
and 7r a is the canonical projection if U a ElA 2 , and (c) each 5p a is the identity map, which is 
clearly an isomorphism onto (X/A) \ {*} when restricted to the open subspace X \ A. 

□ 

In order to address the second preparatory issue, we note that there is a natural map of 
orbispaces k : Y x I — > M^, which is defined by the homomorphism 

(3-2.1) ({Va,i x I\i E I a }, {M J, {k a ,}, {p (6J )( M) }), 

where fc^ : x I -> M /o is h-> [y,t], cf. (3.1.5), (3.1.6). 

Lemma 3.2.2 Let $ : Y — > X &e any map o/ orbispaces whose mapping cylinder is 
defined. Suppose both Y,X are compact and Hausdorff, and for any V E V($), V is locally 
compact, Hausdorff] and the map ir v : V — > V is proper. Then for any maps of orbispaces 
ty : X -> X' ; T : F x 7 -> X' siicn £nat * o $ = T| yx{1}; taere a map E : — > X' w/mc/j 
satisfies Eo j — ty and Eo k = T . 

Proof We represent \P : X — > X' by a homomorphism r = ({V'a}, {^f5a}) '■ F{U a } — > 
r{C/^,}, where {£/ a } is a finite cover of X such that each U a is admissible as defined in §3.2 
of [3], and each ip a can be extended over the closure of U a . This is possible because X is 
compact and Hausdorff. For each U a , let {V a ^ \ i E I a } be the set of connected components 
of _1 (£/ Q! ). We assign U a to each V aj i, then by Lemma 3.1.2, there is a homomorphism 
°~ — ({fa,i}, {P(j3,j)(a,i)}) '■ ^{Va,i} F{U a }, whose equivalence class is the map $ : Y — > X. 
The composition e = ({</?«,*}, where = Va /a,i and ^j)( Q ,i) = \pa°P{pj)(a,%), 

is a representative of ^ o $, which is admissible as defined in §3.2 of [3] by the assumptions 
made on Y, V($) and r. 

On the other hand, we represent T : Y x I — > X' by a homomorphism k = ({/i a }, {^ba}) : 
r{V a x 7 a } — > T{U' a ,}, where a G A, which may be made admissible as defined in §3.2 
of [3] by the assumptions we have on Y and V($). We may require #A < oo since Y is 
compact. Set Ao = {a E A 1 1 G I a }, and we assume without loss of generality that I a C [0, 1), 
Va G A \ A . Note that k(1) = ({/i a (-, 1)}, {r? fea }) : T{K} -»• F{U' a ,}, where a G A , also 
represents T|y x {!} = ty o $. By passing to an induced homomorphism of k, we may assume 
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that is induced by e via some 7 = (6, {£ a }, {£«})• By Lemma 3.2.2 in [3], there is a 
local homeomorphism 0^ from an open neighborhood of k(1) onto an open neighborhood of 
e, sending «(1) to e. Since A is finite and J C [0, 1), Va G A \ Ao, there is a to £ [0, 1), to £ 
/ \4, Va G A \ A , such that for any t G (t , 1], «(*) = ({/i«(-,t)}, W) : T{K} -> r{E/£,}, 
where a G A , lies in the domain of 0^. We write 0^(/t(t)) = e(t) = ({^}, {^(/9,j)(a,i)})) 
t G (t , !]■ Note that <p£j = o / a>i . 

Introduce the following notation: Let / be a continuous map. For any t G [0, 1), we denote 
by Mj(t ) the open subset Mf \ {[y,t] | t G [0,t ]} in the mapping cylinder Mf of /. Then 
there is a homomorphism q = ({Xa}, {^/3a}) '■ F{W a } — > r{£/"^,}, where either W a = U a and 
Xa = ip a , or W a = M 0a (t o ) and x« = Va on j Q (C/ Q ) C M fa (t ) = W a , Xa([y,t\) = <p%(y), 
V(y, t) G V a ^ x (t , 1], % G 7 Q . On the other hand, consider the restriction of k to F x (7\{1}), 
which is still denoted by k — ({h a }, {i]b a }) '■ r{V a x I a } — > T{U' a ,} for the sake of simplicity. 
We can join q and k via 7 = (9, {£ a }, {O) to construct a homomorphism c k as follows. 
We add a set of mappings A aa : T(V a x J a , W a ) -> T(L^, £/ a ), where (K x J a ) n W a ^ 0, 
to <r, /c. Note that any £ G T(\4 x I a , W a ) may be regarded as an element of T(V a , V a ^) for 
some i G I a . In this case we define (cf. (3.2.8) in §3.2 of [3]) 

(3.2.2) A aa (0 = <W (a) (£ o C 1 ) V* e /^(Domain (0 5 )). 

As seen in the proof of Lemma 3.2.2 in [3], q k is indeed a homomorphism, whose equiv- 
alence class is a map from the orbispace M$ to X'. We define S = k], which clearly 
satisfies Hoj = $ and S o = T. 

□ 

We remark that the map S in the preceding lemma may not be uniquely determined, but 
the ambiguity is caused only by the different choices of 7 = [7] G T tK ^ (cf. Lemma 3.1.1 
in [3]). If we work with the based version, then #r e(S (i) = 1 when F is connected, and S is 
uniquely determined in this case. 

Now we are ready to describe the precise meaning of attaching a k-cell D k (G) of isotropy 
type G to an orbispace X via a map $ : S k ~ l (G) — > X. First of all, we list the additional 
conditions we need to impose on the orbispace X and the attaching map $ : S k ~ 1 (G) — > X, 
where fc > 1: 

• X is compact and Hausdorff. 

• The orbispace structure on S k ~ l given by V($),T($) is contained in the standard 
one on S k ~ 1 (G). 

Note that the last condition means that for each V G V($), V = V, G v = G which acts 
on V trivially, and n v : V — > V is the identity map. Moreover, each T(Vi, V 2 ) G T($) is a 
disjoint union of a number of copies of G which is naturally labeled by the set of connected 
components of V\ n V2, and for each element £ G T(Vi,V2), 0^ is the identity map, and 

= ) : G —> G. 

Recall that the mapping cone of a continuous map : F — > X, denoted by C^, is the space 
M ( f ) /i(Y) obtained by collapsing the subspace i : Y — > to a point. When F = S* -1 , 
is the result of "attaching a k-cell _D fc to X via the map : S k ~ 1 = dD k — > X". The interior 
of the k-cell in is the image of the open subset D = {[y,t] \ y G S' fe_1 ,t G [0, 1)} C 
under the canonical projection — > C$ = M^/i^S^ 1 ). 
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Proposition 3.2.3 With the preceding understood, we assert that 

(1) There is a canonical orbispace structure on C<j, such that (a) there is a canonical 
map of orbispaces n : — > which is an open embedding when restricted to 
M < f,\i(S k ~ 1 (G)), and (b) the interior of the attached k-cell in is an open k-cell of 
isotropy type G as a subspace of the orbispace C<f>. 

(2) The homotopy type of the orbispace depends only on the homotopy class of the 
attaching map $. 

(3) The canonical embedding of the orbispace X into induced by j : X — > is a 
cofibration, i.e., it has the homotopy extension property with respect to all orbispaces. 

(4) A map \P : X — > X' can be extended over the attached k-cell of isotropy type G to C<f, 
iff \& o $ : S k ~ 1 (G) — > X' is null-homotopic, and such an extension of ^ is given by 
a null-homotopy of ^ o $. Moreover, suppose F is a homotopy between \&i and \l/ 2; 
which are extended to by the null-homotopies hi, h 2 of^i o $ ; ^ 2 ° $ respectively. 
Then F can be extended to x [0, 1] to a homotopy between the corresponding 
extensions of^i and ty 2 iff the null-homotopies hi, h 2 are homotopic via a homotopy 
whose restriction to S k ^ 1 (G) x [0, 1] is F o ($ x Id). 

Proof (1) The canonical orbispace structure on will be the one obtained from the canon- 
ical orbispace structure on the mapping cylinder by collapsing the subspace i(S k ~ 1 (G)) to 
a point. To this end, we need to verify the hypothesis in Lemma 3.2.1. The case when k — 1 
requires a separate, but similar argument because i(S k ^ 1 (G)) is not connected. We shall 
only consider the cases when k > 2, the remaining case is left to the reader for simplicity. 

In order to apply Lemma 3.2.1, it suffices to show that we may add the local chart 
(Do,G Do ,7r Do ) = (D ,G,7T ), where D = {[y,t] | y G S k -\t G [0, 1)} C M , G acts on D 
trivially, and 7r : D — > D is the identity map, to the canonical orbispace structure on 
constructed in Proposition 1.5, so that with respect to the new orbispace structure on M^, 
which contains the original one hence equivalent, the subspace i(S k ~ 1 (G)) is contained in a 
local chart, i.e., (D ,Gd ,^d ) = {Do,G,7To). The condition that the orbispace structure on 
gk-i gj ven by y(<3>), T($) is contained in the standard one on S k ~ 1 (G) guarantees this. We 
shall continue to use the notations in the proof of Proposition 1.5 concerning the canonical 
orbispace structure on M^. 

More concretely, we need to define a set {T(D , W) \ W G W, s.t. D n W ^ 0}, and 
add it to the canonical orbispace structure on along with (Dq,Gd ,^d )- Note that if 
D DW 7^ 0, then W must be W a = M$ a for some index a, where M^ a is the mapping cylinder 
of (p a = 4>\<i>-i(Ua) '■ Uie/ a Va,i - ► U a , and the set of connected components of D r\W a is {W a>i = 
V a>l x [0, G I a }. We define T(D , W a ) = U, e / a T Wa .(D , W a ) where T Wai (D , W a ) = G Ua , 
and assign each £ G Ty/ a i{F>o, W a ) with a pair A^) as follows. Note that the assumption 
that the orbispace structure on S k ~ 1 given by V($), T($) is contained in the standard 
one on S k ~ 1 (G) implies that the inverse image of W a>i in W a is {Gjj a / P( a ,i)(G)) x W a>i , 
where Gu a / P( a ,i)(G) is the set of right cosets. The map 0g is the homeomorphism sending 
x G W a ,i to ([£],&) e (GuJp M (G)) x W ati , and A 5 = Ad(£) o p M : G -> Ad(f)G0( a ,i) (<?))■ 
It is easily seen that this will give rise to an orbispace structure on M^, containing the 
original one. Now the subspace i(S k ~ 1 (G)) is closed, connected, and is contained in the local 
chart (D , Gd , 7Td )- Hence by Lemma 3.2.1, we can collapse i(S k ~ 1 (G)) to a point, and 
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a canonical orbispace structure is resulted on = M ( j ) /i(S k ^ 1 ), with a canonical map of 
orbispaces ir : — > C$ whose restriction to \ i(S k ~ 1 ) is an isomorphism of orbispaces 
onto Ctp \ {*}. The attached k-cell in Q is the image of ~I\ = {[y, t] \ y G S* -1 , t G 1} C 
under the projection — > = M ( f,/i(S k ~ 1 ). Hence its interior is D — D /i(S k ~ r ). 
Clearly, as a subspace of the orbispace C^, it is D(G), the open k-cell of isotropy type G, cf. 
Lemma 3.2.1. 

(2) This is obtained by applying Lemma 3.2.2 along with (3.1.1), (3.1.2). Note that the 
hypothesis in Lemma 3.2.2 is met by the assumptions made in the present proposition. 

(3) By definition the embedding of orbispace i : X — > 0$ is called a cofibration, where % 
is j : X — > Mrf, followed by n : — > C<p, if the following is true: given any orbispace X' 
and any map ^ : C$ — > X', if if : X x [0, 1] — > X' is a homotopy from its restriction 

to another map from X to X', then there is a homotopy F : x [0, 1] — > X' extending H, 
such that -F|c x{o} — Consequently, * : — > X' is homotopic through F to another 
map from to X', i.e., F| C0X {!}, extending that for the restriction ty\ x ■ X — » X'. 

We apply Lemma 3.2.2 to the mapping cylinder of $ x Id : S k ~ 1 (G) x [0, 1] — > X x [0, 1], 
with the map H : X x [0, 1] — > X' and a map T : S k ~ 1 (G) x [0, 1] x I — > X' constructed as 
follows. Let i? : [0, 1] x I — > [0, 1] x {1} U {0} x / be a retraction which sends [0, 1] x {0} to 
{0} x {0}. We define 

T = (H o ($ x Jd) U V o tt) o (Id x i?), 

which satisfies T| sfc -i (G)x[0;1]x{1} = # o ($ x Id) and T| 5fc -i (G)x{0}x/ = * o 7r| s *-i (G)x/ , 
where 7r : M -> Q, and T| 5 fc-i (G)x [ 0il]x{0 } = * o 7r| i(5 fc-i (G)) . Let S : M 0xH -> X' be the 
resulting map. Then the last property of T implies that S factors through 7r x Id : M^xia = 
x [0, 1] — > C<£ x [0, 1], which results in the homotopy F : x [0, 1] — > X' with the 
claimed properties. 

(4) Straightforward application of Lemma 3.2.2. 

□ 

We will say that the orbispace is obtained by attaching a k-cell of isotropy type G to 
X via the map $. 

Now we consider a subcategory C of the category of orbispaces introduced in Part I of 
this series [3], which is the union of C n , n > 0. Each orbispace X G C ra admits a canonical 
filtration of subspaces 

(3.2.3) X C X 1 C • • • C X n = X, 

where X is a set of finitely many points in X, and for each k — 1, 2, • • • , n, X& is obtained by 
attaching to Xk-i finitely many k-cells of various isotropy type. We shall call each subspace 
Xfc in (3.2.3), < k < n, the k-skeleton of X. 

Note that in general it is not clear that for any X 1; X 2 G C, the product X 1 x X 2 is still an 
object in C. However, let us be content for now with the observation that for any X G C n , 
the product Z = X x I G C n+1 . In fact, let 

X C X, C • • • C X n = X 

be the filtration of skeletons for X. Then correspondingly 

Zq C Z\ C • • • C Z n+ \ = Z, 
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where Z = X x {0} U X x {1}, Z k = X k x {0} U X k x {1} U X k ^ x / for 1 < k < n, and 
Z n+ i = X n x /, is the canonical filtration of skeletons for Z = X x /. 

The remaining of this subsection is occupied by the study of some fundamental homotopy 
properties of the objects in C. We begin by observing 

Lemma 3.2.4 For k>\, an element $ G [(D k (G), S k ^ 1 (G), *); (X,A,o)] p defines the 
trivial element in ' p) (X, A, o) = [[(D k (G), S k ~ 1 (G), *); (X,A,o)]] p iff there is a homo- 
topy H between $ and a $' as elements of [(D k (G),*); (X, o)] p , such that i?|sfc-i(G)x{t} = 
®\s«-HG), VtG [0,1], and&E [(D k (G),*);(A,o\ A )] p . 

Proof Suppose there is such a homotopy H. Then H\ S k-ir G \ x uy = &\ S k-i/ G j and $ G 
{(D k (G), S k ~ 1 (G), *); (X, A,o)] p imply that H is also a homotopy between <3> and as el- 
ements of [(D k (G),S k -\G),*y, (X,A,o)] p . On the other hand, $' G [(£>*(£),*); (A,oU)] p 
implies that $' defines the trivial element in ^^'^(X, A, o), hence so does $. 

Conversely, suppose <£> G [(D k (G), S k ~ 1 (G), *); (X, A, o)] p defines the trivial element in 

vrf ' P) (X, A,o). Then there exists an F G [(CD k (G), CS k ^ 1 (G),*); (X, A,o)] p such that 
F\ Dk[G) = $. Denote by C the subset {(x,t) \ \\x\\ < 1 - t} of L> fc x [0,1]. Then the 
map (rr, t) i— > ((1 — t)x,t) from _D fc x [0,1] onto C factors through C-D fc , which defines an 
isomorphism ^ : CD k (G) — > C(G). On the other hand, there is a map T : D k (G) x [0, 1] — > 
C(G) defined by (x,t) h-> (x, t), V(ar, f) G C, (x,t) ^ (x, 1 - | |x| |), V(x, t) G (L> fc x [0, 1]) \ C, 
and Id : G ^ G. We simply let if = Fo^ _1 oT, which clearly provides the desired 
homotopy between <3> and $' = # |_D fc (G0x{i}> i- e > £ [(-^(^j *); (AoU)]p, and if satisfies 

-fr"ls fe - 1 (G)x{t} = ^lsfc-i(G), Vt G [0, 1]. 

□ 

Recall that tTq(X) = [[B G ; X]} where B G denotes the 0-cell of isotropy type G. We shall 
say that a pair (F, B), where B is a subspace of F via % : 5 — > Y, is 0-connected, if 

: tTq(B) — > 7r^(F) is a bijection for all G. For n > 1, we say that (F, B) is n-connected if 
it is 0-connected and for all possible o and (G,p), n^ k G ' p \Y, B, o) is trivial for 1 < k < n. 

Lemma 3.2.5 Suppose (F, B) is a n-connected pair and X G C m where m < n. Then 
any map $ : X — > Y is homotopic to a map $' : X — > B. Moreover, if a subspace A C X is 
a union of cells and $|a G [A; _B] 7 we may even arrange to have $|a = 3>'U- 

Proof Let Xo C Ii C • • • C X m = X be the canonical filtration of X. Given any map 
$ : X — > F, the restriction to X , 3>|x > is a map from a finite disjoint union of 0-cells of 
various isotropy type into Y . Since i* : ttq(B) — > 7r^(F) is a bijection for all G, $|x is 
homotopic to a map \l/o '■ X — > 5 as maps into F. By Proposition 3.2.3 (3), X C X is a 
cofibration, hence this homotopy can be extended to X, so that $ is homotopic to a map 
$q : X — > F such that (^o)l^o • -^o ~~ * B. Now consider the restriction of $(, to any of the 
1-cells of various isotropy type in X 1 that are attached to X . There are o, (G,p) such that 

it defines an element in tt[ G ' p \y, B,o), which is trivial because (F, B) is 1-connected. By 
Lemma 3.2.4 and Proposition 3.2.3 (4), the restriction of $q to X x is homotopic to a map 
^! : Xi — > B. Again because Xi C X is a cofibration, there is a homotopy between <£>(, and 
a <&[ : X — > F such that the restriction of to Xi maps into B. The lemma follows by 
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repeating this process under the condition m < n. It is clear that if the restriction of <3> to 
a cell in X is a map into B, one may keep it unchanged in the above process. 

□ 

Proposition 3.2.6 Let X E C. For any n > 0, the pair (X, X n ) is n-connected. 

Proof It suffices to show that for all G, i* : 7r^(X ) — > 7r^(X) is surjective, and for all 

possible o, (G,p), -k^' p \x, X n , o) is trivial, 1 < k < n. 

The key to the proof is the following fact by Proposition 3.2.3 (1): Denote by * the 
cone point in C<f>, i.e., the image of i(S k ^ 1 ) under n : — > Since when restricted to 
\ i(S k ~ r ), 7r is an isomorphism onto \ {*}, there is a strong deformation retraction 
which shrinks the attached k-cell of isotropy type G to its boundary after a point in the 
interior is removed. 

Given any map $ : Bq — > X, if its image lies in the interior of an attached k-cell in X&, 
k > 1, then for dimensional reason it is in the complement of another interior point. By the 
said strong deformation retraction, <3> is homotopic to another map ^ : Bq — > X whose image 
lies in X k _i. By induction, <£> is homotopic to a map in X , hence i* : 7r(f(X ) — > tTq(X) is 
surjective. 

Similarly, let $ E [(D k (G), S k ' 1 (G), *); (X,X n ,o)] p , 1 < k < n, whose image meets the 
interior of an attached m-cell e m = D m (H), m > n + 1. In this case, we need to employ 
Theorem 1.4 (2) in [3] to approximate $ by a smooth map first. More concretely, let D\, 
D 2 be the closed ball of radius |, | centered at the cone point, and let W\ = (f)~ 1 (D 1 ), W 2 = 
_1 (Z} 2 ) where is the induced map of $ between underlying spaces. By Theorem 1.4 (2) 
in [3], there is a smooth map T : W 2 — > e m such that | |T — $|w 2 1 |c° < 1^5 • Moreover, by 
Theorem 1.4 (1), the difference T — $|vk 2 can be regarded as a C° section of a C° orbifold 
vector bundle over W 2 , where $|vk 2 is identified with the zero section. Let (3 be a smooth 
function on W 2 compactly supported in the interior W 2) such that \f3\ < 1 and f3 — 1 on Wi. 
Then the map $' : D k {G) — > X, where $' = $ + [3(T — ^ | w 2 ) ? i s homotopic to $ relative to 
S k ~ 1 (G), and the image of $' will miss a point z in the open ball of radius | centered at the 
cone point. The reason for the latter: on the interior Wi, $' is smooth so that it will miss z 
by transversality (represent $'\wi by a ({/»}, {pji}) and then apply transversality argument 
to each /j); on the complement, ||$' — $||c° < 1O0 so that it will be in the complement 
of the ball of radius | centered at the cone point. By the strong deformation retraction 
mentioned earlier, $' is homotopic relative to S k ^ 1 (G) to a map whose image will miss the 
entire interior of the m-cell e m . By induction, $ is homotopic relative to S k ~ 1 (G) to a map 

into X n . By Lemma 3.2.4, ir^' p \x,X n ,o) is trivial for 1 < k < n. 

□ 

Corollary 3.2.7 Let X,X' e C. T/ien any map $ : X — > X' is homotopic to a map 
: X — > X' ; which is 'cellular' in the sense that ^\x n £ [^mX^J /or any n > 0. Moreover, 
if a subspace A C X is a union of cells and $|yinx n G [^H X n ; X' n ] for any n > 0, one may 
even arrange to have $|a = ^U- 

Proof of Theorem 1.6 
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(1) Let i : X — > M^, j : X' —> be the canonical embeddings into the mapping cylinder 
which realize X, X' as a subspace, and let r : — > X' be the canonical strong deformation 
retraction, which satisfies roi = $. By the exact sequence (2.3.2) and the assumption that 

is a weak homotopy equivalence, the pair (M^,X) is n-connected for any n > 0. 

Now let F G C be any element. We first show that : [[F;X]] — > [[F;X']] is surjective. 
In other words, for any map \P' : Y — > X', we will find a map * : F — > X such that 
$ o \1> = ty'. This is done by applying Lemma 3.2.5 to the map j o iff' : Y — > M^, which gives 
a map \& : F — > X satisfying i o $ = j o ip'. Composing both sides with r : — > X', we 
obtain $o$ = rojo* ^rojo*' = f. 

As for the injectivity of $*, we apply the above argument with F replaced by Z = 
Fx/, which is also in C. More precisely, suppose iff 1: ^ 2 : F — > X are any two maps such 
that $ o iff 1 = <E> o ^ 2 via a homotopy H : Y x I — > X'. Since j or = IcIm^, we have 
jo^ovl/^joroio^i^jofj for / = 1,2. Combining with j o if, we obtain a homotopy 
F' : F x 7 — * between jofj and « o if/ 2 . On the other hand, suppose F G C n , then 
Z = F x 7 G with the canonical filtration of skeletons Z C Zi C • ■ ■ C Z n+i = Z, 

where Z = F x {0} U F x {1}, Z fe = Y k x {0} U Y k x {1} U F fc _i x I for 1 < k < n, and 
Z n+ i —Y n x I. Clearly, the subspace F x {0}UF x {1} c Z is a union of cells. Furthermore, 
-F'|yx{o} = io*i G [F;X] and F'| yx{1} = i o f 2 e [F;X]. Hence by Lemma 3.2.5, F' is 
homotopic to an F : F x 7 — > X satisfying F'|y x { }uyx{i} = -^|yx{o}uyx{i}- It is easily seen 
that = ^ 2 via F. Thus : [[F; X]] -> [[F; X']] is injective, and hence a bijection. 

(2) Suppose $ : X — > X' is a homotopy equivalence. We need to show that (1) for all G, 
<i\ : 7r^(X) — > ttq(X') is a bijection, which is trivial because 71q(X) = [[B G ;X]}, and (2) 

for all possible data o, (/, (G,p) and (G,p'), : 7r^ G '^(X, o) — > 74 G ' P ^(X', (/) is isomorphic 
for all > 0. Here possible o, c/ are meant to be those with respect to which $ has a based 
version <3> G [(X, o); (X',(/_)} v for some injective homomorphism r] : G5 — > G^'- For instance, 
this is the case when $ can be represented by a homomorphism which also defines an element 
in [(X, o); (X', c/)],,. Note that not all base-point structures are being considered here. But 
in light of Proposition 1.3 (3), no generality is lost. Now let $0, $1 : X — > X' be any maps 
which have based versions $ £ [(^,0); (X', 0^0)]% an d $1 G [(X, o); (X', o^i)] m for some 
o, c/ and d_ x . Furthermore, $0, $1 are homotopic through a homotopy F. Then there is a 
guided path u G [(7(G 3 ),0, 1); (X', c/ , Oj.)]^,^!), which is defined by the restriction of F to 

{0} x 7. We claim that ($ )* = «*<>($!)„ : vrf ,p) (X,o) -> Trf '^(X', c/ ), where is 
the isomorphism associated to the guided path u, cf. Proposition 1.3 (1). It follows easily 
from the claim that homotopy equivalence implies weak homotopy equivalence. To prove 
the claim, we observe that (u t )* ° ($t)* '■ n k G ' p \x,o) — > 7r k G ' V0 ° p \x' , c/ ) is locally constant 
in t, where <f> t = F\ Xx{t} G [(X, o); (X', o^)] w and u t G [(7(G 6 ), 0, 1); (X', 0^, o^)] ()J0))K ), 
which is defined by the restriction of F to {0} x [0,t]. Clearly, (wo)* ($0)* — (^0)* and 
(wi)* ($1)* = w* ($i)*- Hence the claim. 

Conversely, suppose $ : X — > X' is a weak homotopy equivalence. We need to find a 
homotopy inverse iff : X' — > X of <E». First of all, since any orbispace in C is locally path- 
connected and semi-locally 1-connected, the mapping cylinder of $ : X — > X' is defined. 
Hence by (1) above, : [[X';X]] — > [[X';X']] is a bijection. In particular, there is a map 
iff : X' -»■ X such that $ o * ^ 7rf X ' G [X'; X']. On the other hand, note that $ o iff ^ Id x > 
implies ^ = so that iff is also a weak homotopy equivalence. Thus there is a map 
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T : X -> X' such that foT = Id x . But T = $ o f o T = $. Hence * is a homotopy 
inverse of $, and $ : X — > X' is a homotopy equivalence. 

□ 

3.3 CW-COMPLEX OF GROUPS AND ITS GEOMETRIC REALIZATION 

This final subsection is concerned with a subcategory of C, where the objects have much 
more pleasant geometrical properties. Most importantly, this subcategory is large enough 
that all compact smooth orbifolds are contained in it. In a certain sense, this subcategory of 
C consists of those orbispaces which are the geometric analogs of finite CW-complexes. We 
denote this subcategory of C by Q. 

We give a description of Q first. For the purpose here, we need to impose an additional 
condition on the general CW-complexes, for instance, as defined in [14], to which we refer 
the reader for the basic definitions and properties of CW-complexes. The condition is: for 
each attaching map, if its image meets the interior of a cell, it contains the whole cell. Note 
that simplicial complexes satisfy this condition. Immediate consequences of this assumption 
include that every face of a cell is an immediate face, and that each cell is a disjoint union 
of the interiors of finitely many cells. 

An open CW-complex is an open subset of a CW-complex which is a disjoint union of the 
interiors of a subset of cells. Note that under the additional assumption here, the closure of 
an open CW-complex is also the smallest sub-complex containing the open CW-complex. We 
will assume that every open CW-complex is associated with a CW-complex which contains it 
as the interior, and any map between open CW-complexes is the restriction of a map between 
the closures. An open CW-complex is called an open sub-complex of a CW-complex K if 
the associated closure is the closure in K. 

For any cell a, the star of a, denoted by St (a), is the smallest open sub-complex that 
contains the interior of a. It is also the disjoint union of the interiors of those cells which 
have cr as a face. In the case of simplicial complex, this definition coincides with the usual one. 
We remark that the star of a cell is connected, and the underlying space of a CW-complex 
is locally connected. 

Group actions on a CW-complex are required to satisfy the following conditions: (1) the 
image of a cell is a cell, (2) if an interior point of a cell is fixed, the whole cell must be 
fixed. Let G be a discrete group acting on a CW-complex K. Then K/G is naturally a 
CW-complex, and the orbit map it : K — > K/G is cellular. 

Definition 3.3.1 The subcategory Q consists of orbispaces X where 

(1) X is the underlying space of a finite CW-complex K , 

(2) for each cell a G K, St(a) is a local chart on X, such that in (St(a) , G st(a) , ^ st(a)) ? 
St(a) is an open CW-complex, a = ^st<a)( a ) ^ s a ce ^ ^ n ^ e associated closure of 
St(a), and St(a) = St(a). 

For the sake of simplicity, we denote Gstta) by G a and ^st(a) by 7r CT . We call G a the isotropy 
group of the cell a. Note that if X, X' e Q, the product X x X' is also in Q. 
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The objects of Q are closely related to the notion 'CW-complex of groups' described in 
Introduction. More precisely, to each X G Q, which is the underlying space of a finite 
CW-complex K, one can associate an equivalence class of CW-complexes of groups on K as 
follows. 

(1) Each cell a G K is associated with its isotropy group G a . 

(2) For each arrow a, note that St(i(a)) C St(t(a)) because t(a) is a face of i(a). Assign 
the arrow a with ip a : G^ a ) — > G t ( a ), where ip a is given by for a fixed choice of 
£ a eT(St(i(a)),St(t(a))). 

(3) To each pair of composable arrows a, b, an element g a ,b G ^t(a) is assigned, which is 
the unique element satisfying £ a o £ b = g a b o £ ab . The equation 

(3.3. 1) Ad(g afi ) o ^ ab = o i/j b 

follows immediately from the definition. The cocycle condition for a triple of com- 
posable arrows a, b, c 

(3.3.2) i>a{gb,c)g a ,bc = 9a,b9ab,c 

is a consequence of the associativity of composition in the groupoid. 

One can easily check that a different choice of {£ a } will result in an equivalent CW- 
complex of groups on K. The CW-complex of groups thus obtained is called associated to 
the orbispace X G Q, and the orbispace X G Q is called the geometric realization of the 
associated CW-complex of groups. 

We remark that the relationship between CW-complex of groups and the geometric re- 
alization is analogous to that between complex of groups and the associated orbihedron in 
Haefliger [12]. In fact, when the underlying CW-complex is simplicial, a CW-complex of 
groups is simply a complex of groups, and the corresponding geometric realization is iso- 
morphic as an orbispace to the associated orbihedron. However, there is a minor difference 
between these two concepts which lies in the fact that in the definition of an orbihedron in 
Haefliger [12], the star of a cell is not chosen to be the one in the simplicial complex, but 
rather in the barycentric subdivision of it. For details, see [12]. 

The central result of this subsection is Q C C. 

Let X G G, with the finite CW-complex structure K, and $ : S k ~ 1 (G) — > X be any map, 
such that the induced map : S k ~ 1 — > X is an attaching map so that the mapping cone 
supports a canonical finite CW-complex L obtained by attaching a k-cell to K via <fi. Recall 
that there is a canonical orbispace structure on S k ~ l defined by V($), T($) as constructed in 
Lemma 3.1.2, which is equivalent to the standard one on S k ~ 1 (G). In order to attach a k-cell 
of isotropy type G to X via $, we assume further that the orbispace structure (V($), T($)) 
is contained in the standard one on S k ~ 1 (G), cf. Proposition 3.2.3. In the present case, in 
order to ensure that the orbispace C<f, constructed in Proposition 3.2.3 is an object of the 
subcategory Q, we need to further impose two additional conditions: 

• Let ({V^j|i G {St(cr)}, {f a ,i}: {P(T,j)(a,i)}) be the canonical representative of $ 
constructed in Lemma 3.1.2, where a G K, and _1 (St(cr)) = Ujg/ CT Va,i- (cf. (3.1.5) 
also.) We further assume that each P( T ,j)(<r,i) '■ G — > T(St(cr), St(r)) is independent of 
the indexes i G I a , j G I T . 



ON A NOTION OF MAPS BETWEEN ORBIFOLDS 



II. HOMOTOPY AND CW-COMPLEX 49 



• For any cell a C 0(S' fc_1 ), we require that the map ix a : St(cr) — > St(cr), which 
is defined over the associated closures of the open CW-complexes by our earlier 
assumption, is one to one when restricted to the closure of Uie/ CT fa,i{Va,i)- 

Lemma 3.3.2 With the preceding understood, the orbispace constructed in Proposition 
3.2.3 is canonically an object of the subcategory Q . 

Proof First of all, we recall the following notation: the open subset Mf \ {[y,t]\t G [0, to]} 
of a mapping cylinder Mf is denoted by Mf(t ). 

Now observe that in Proposition 3.2.3 (1), a local chart on C<p is either a local chart 
W on the open subspace C$ \ {*} where {*} is the cone point, or the interior D of the 
attached k-cell of isotropy type G. If W H D ^ 0, W must be M^(0) for some cell a G K, 
where is the mapping cylinder of (f> c = 0|u ie/ v ai - Moreover, W = My CT (0) where f a 

is a map into St(cr) defined as follows. Domain (f a ) = x V aj i)/pr a ^(G), where 

the action is given by p( a ,i)(g) • {g',%) = {g' P{a,i){g) -1 , g • x), \/g G G, and f a is defined by 
f a ([(g',x)]) = g' ■ f a ,i(x), Vg' G G a ,x G V c ^i G I a . With this understood, the action of 
Gw = G a on W is given by h-[(g', x)] = \{hg' ', x)]. Now by the first imposed condition, = 
p a : G — > G a is independent of the index % G l a . This allows us to define D a = M<p a (0) U D, 
D a = Mj ct (0) U (G a x D)/p a (G), and = G a with the natural action by multiplication 
from the left. Again the first imposed condition that each P( T ,j)(<r,i) '■ G — > T(St(er), St(r)) is 
independent of the indexes i G I a ,j G I T allows us to define naturally a set {T(D a , D T )}, such 
that a set of new local charts {(D a ,G Dr7 ,ir DtT )} may be added consistently to the canonical 
orbispace structure on C^. 

Next we prove that with the modified orbispace structure which is equivalent to the original 
one, Ctf, belongs to Q. Recall that the finite CW-complex structure L on Gp is the one 
obtained by attaching the k-cell D to K via 0. Thus the following is true for L: (1) For any 
a G L such that a ^ D and a is not a face of D, the star of a in L is St(cr), the star of a in 
K. (2) If a = D, then the star of a in L is the interior of a. (3) If a C <\>{S k ~ x ), then the 
star of a in L is St(er) U D = D a . It is clear that in order to show that belongs to Q, it 

suffices to verify that D a , which is St(er) U [G c j p a (G)) x D, has a natural open CW-complex 
structure, and that it is the star of a = 7r o r 1 (o") in the associated closure. To this end, we 
observe that the closure of D a in L is St (a) U (D \ St (a)). The second imposed condition 
then implies that 



(3.3.3) (closure of St(cr)) U (G a /p c {G)) x (D \ St(cr)) 

is naturally a CW-complex, which contains D a as the interior, and admits a natural action 
of G a extending that of G a on the interior, such that the orbit space is the closure of D a in 
L. Hence D a has a natural open CW-complex structure. Finally, it is easily seen that D a is 
the star of a — 7r o r 1 (o") in the associated closure (3.3.3). 

□ 

Now we are ready for a proof of Proposition 1.7. 



Proposition 3.3.3 
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(1) Let (K,G a ,ip a , g a ^) be a CW- complex of groups, and X be the underlying space of K . 
Then there is a canonical orbispace structure on X such that the orbispace X belongs 
to Q, and the associated CW-complex of groups is (K, G a , ijj a , g a ,b)- Moreover, the 
orbispace X also belongs to C with the canonical filtration of skeletons 

X C Xi C • • • C X n = X, 

where X&, < k < n, is the underlying space of the k-skeleton of K , such that 
the orbispace structure on X k is the one canonically determined by the restriction of 
(K,G a ,ip a , g a ^) to the k-skeleton of K . 

(2) The orbispace structure of an object in Q is uniquely determined by the equivalence 
class of the associated CW-complexes of groups. 

Proof (1) The statement is true when the dimension of K is zero. We shall prove that if 
it is true when the dimension is n, it is also true when the dimension is n + 1. 

First of all, by the induction assumption, there is a canonical orbispace structure on X n 
such that the orbispace X n G Q and the associated CW-complex of groups is (K n , G a , ip a , g a ,b)- 
In particular, the latter means that there are £ a G T(St(i(a)), St(t(a))) satisfying £ a ° 6> = 
g a ,b ° iab and Ag a = ip a . We also observe, from the proof of Lemma 3.3.2, that n a \^ is a 
homeomorphism onto a for any cell a. 

In order to construct an orbispace structure on X n+1 such that X n+1 G Q, we shall define, 
for each (n+l)-cell e, a map <3> e : S n (G e ) — > X n whose induced map 4> e : S n — > X n is the 
attaching map for the (n+l)-cell e, such that the hypothesis in Lemma 3.3.2 holds for $ e . 
To this end, we set r] a = g~\ o £ a for any arrow a such that both i(a),t(a) are contained in 
the image of the attaching map e of e, where d is the arrow (e, i(a)). It is easy to check 
that i] a o r/b = i] a b holds for any composable arrows a,b. Now for any cell a C Im <f> e , we 

define a map u a : Im <p e fl St(cr) — > St(o") by setting u a \ a o = vr^ 1 ^) and u a \ T o = (p^ o 7r^T 1 1 
for any cell r such that t° C Im <p e fl St(<r) and r ^ a, where a , r° denote the interior 
of the corresponding cell, and the arrow a = (t, <r). We note that (1) -n a o u a = Id, (2) 
(firia ° u i(a) = u t (a)\Dom(u l(a) ) for any arrow a such that both i(a),t(a) are contained in Im e , 
and (3) the image of u a lies in the fixed-point set of ipd{G e ) C G a where d is the arrow (e, a). 
Furthermore, it follows from (2) above that each u a is continuous. 

For each cell a C Im <p e , let {V^j|i G I a } be the set of connected components of 0~ 1 (St(cr)). 
We define f a ^ = u a cxf) e \y ai (with V a ^ = understood), = ipd where d = (e, a), and for 
any a, r such that r is a face of a, define P( T ,j)( a ,i) by g i— > r] a oip d ^g), \/g g G e , where a = (a, r) 
and d = (e,a). One can easily check, using the properties of {u a } and {i] a } established in 
the preceding paragraph, that ({f a ,i}, {P(r,j)(a,i)}) is a homomorphism of groupoids. The 
equivalence class of ({fcr,i}, {P(r,j)(a,i)}) is defined to be <3> e , which satisfies the hypothesis in 
Lemma 3.3.2 by the nature of construction. By Lemma 3.3.2, there is a canonical orbispace 
structure on X n+1 such that X n+1 G Q. 

To see that the associated CW-complex of groups is (K n+1 , G a , ip a , g a ,b)-, we need to find 
a £<f G T(St(e), St(a)) for each arrow d = (e, a), where e is a (n+l)-cell, such that \ d = ipd, 
and for any arrow a satisfying i(a) = t(d), £ a o £ d = g a d o ^ ad . Observe that, according to 

Lemma 3.3.2, the inverse image of e° (the interior of e) in St(cr) is {G a /ipd{G e )) x e°, and 
T(St(e), St(cr)) = G c with \ = Ad(£) o^ d :G e ^ G a . With this understood, £ d = leG a 
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will work for the purpose here. This completes the induction step, and hence (1) of the 
proposition. 

(2) The proof goes by induction on the dimension of K. Assume the statement is true 
when the dimension is n. Then it is easy to see that the induction step boils down to 
the verification that for each (n+l)-cell e and any arrow d = (e,a), the attaching maps of 

7r o r 1 (e) in St(cr) are canonically determined by the CW-complex of groups. For this we simply 
observe: When d = (e, o) is primitive, i.e., there is no r such that d is the composition of 
(e, r) with (r, a), the attaching maps are unique. When d = ad' where d! is primitive, the 

attaching maps are determined by g~j, o £ a from those of 7rCf)( e ) in St(t(d')). 

□ 

The preceding proposition clearly established the one to one correspondence between 
equivalence classes of CW-complexes of groups and isomorphism classes of orbispaces in 
Q, and in particular, the inclusion Q C C. 
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